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Abstract: Because the strength of glass is governed by randomly distributed surface flaws that can propagate catastrophically when the
applied stress reaches a critical value, the weakest-link-in-the-chain rationale is the universally accepted interpretation of its significant vari-
ability. The two-parameter Weibull extreme value distribution is currently the most commonly used model for structural design, although it is
recognized that it fails to capture the experimental data within the region of small failure probabilities, associated with the lowest strengths.
However, the precise characterization of this left-hand-side tail of the distribution is crucial for structural applications, for which only very
low probabilities of failure are accepted. Experiments have provided evidence of the existence of a lower bound for the strength of glass, a
finding that, if proved, could revolutionize the approach to the safety of glass structures. Referring to the large-scale experimental program of
the Technical Committee 129—Working Group 8 of the European Committee for Standardization (CEN/TC129/WG8), various generalized
statistical distributions like Weibull, either prescribing a strength limit or not, are compared in their ability to interpolate the experimental data
using the chi-square goodness-of-fit test. Arguments are presented that support the existence of a minimal strength, which can be reduced, but
not annihilated, by the inevitable degradation of the glass surface produced by aging and in-service-related damage. DOI: 10.1061/(ASCE)
EM.1943-7889.0001151. © 2016 American Society of Civil Engineers.
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Introduction

Transparency has become a highly sought factor in architectural
applications and has led to an increasing demand for flat glass
in buildings. This demand for architectural glass, which accounts
for approximately 80% of glass production, has increased by 5%
per annum since 2009. Concomitantly, the role of architectural
glass has expanded from that of window panes to load-bearing
structural components. This shift makes it necessary to characterize
the mechanical properties of glass as precisely as has been done for
all other materials traditionally used in structural applications.

Glass is linear elastic, homogeneous, isotropic, and brittle. The
nominal strength of glass is governed by the shape, size, and spatial
distribution of surface flaws that are created during the manufac-
turing process, subsequent handling, and in-service conditions.
Fracture results from the unstable propagation of a dominant crack
when the combination of its size and the stress normal to its
surfaces reaches a critical value. Moreover, cracks can grow

subcritically over time at stress levels much lower than the critical
limit (Wiederhorn and Bolz 1970), a phenomenon generally re-
ferred to as static fatigue or slow crack propagation. Thus, the mac-
roscopic strength depends upon time and is, indirectly, influenced
by the thermo-hygrometric conditions (Wiederhorn et al. 1982),
which affect the slow crack propagation speed.

It is important to understand how cracks are created on the sur-
faces of the flat glass components considered in this paper. Flat glass
is typically made using the process patented by Sir Alastair
Pilkington in the 1950s, which consists of pouring a glass paste
on a bed of molten tin forming a floating panel, hence the name float
glass. The surfaces become smooth on both sides, while the temper-
ature is gradually reduced from 1100°C down to 600°C. Then, the
panel is pulled off the bath by rollers and the glass sheet passes
through a lehr where it is cooled gradually. Thus, internal stresses,
which may be due to the rapid temperature change, are released at
least partially. Surface defects are inevitably present especially on the
tin-side surface, due to the contact with the tin bath and, even more
so, with the rollers. Additional defects at the borders are also intro-
duced by the cutting process. The size of the flaws is limited by strict
factory production controls, mainly because an excessive amount of
defects can reduce the transparency and, hence, the aesthetic quality
price. Additional surface defects can develop over time. Despite
being more resistant to corrosion than most structural materials, glass
does age and weather. The microscopic peaks and dents that are
present on its surfaces can enhance chemical reactions with contam-
inants. In addition, the hydrophilic properties of glass cause corrosion
and increase surface roughness. Abrasion, another phenomenon that
causes a reduction of glass performance, can result from the manu-
facturing and the transport processes, the impact of small hard objects
carried by the wind, and, in desert areas, sandstorms.

Clearly, the random nature of the shape, size, and distribution of
surface flaws bestows on glass a nondeterministic and structural
size-dependent strength. The larger the loaded surface, the higher
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the probability of finding a microdefect of critical size (Vandebroek
et al. 2014). On the other hand, if the state of stress is uniform
and equibiaxial, there is 100% probability of one dominant crack
being oriented so its surfaces are perpendicular to the direction of
maximum tensile stress. For other states of stress, the Mode I
opening stress may be less than the principal stress (Collini and
Royer-Carfagni 2014). The various experimental campaigns con-
firm the dependence of strength upon size and type of stress, pro-
viding a further validation of the Weibull model. The statistical
model chosen to interpret strength distributions should account for
all these aspects. The Weibull distribution, which is based on the
weakest-link-in-the-chain concept (Weibull 1939), is such a model
and it has been generally favored for interpreting the variability in
the measured strengths of glass and other brittle materials. The con-
nection between the flaw distribution and the Weibull strength distri-
bution was shown by Freudenthal (1968). The traditional approaches
assume that cracks are randomly orientated, noninteracting, and shear
insensitive. However, there are many variants of the model according
to the chosen fracture criterion (Batdorf and Heinisch Jr. 1978).

The two-parameter Weibull distribution, which assumes a non-
zero failure probability for all levels of tensile stress, is the most
widely used for the structural design of components made of glass
and other brittle materials. This model can provide accurate esti-
mates of the expected mean and standard deviation of glass strength
and may be sufficient for some ceramic components. However,
there is a wealth of evidence that points to its inability to capture
the experimental data associated with small failure probabilities
(and lowest strengths) (Danzer 2006; Yankelevsky 2014; Pisano
and Royer-Carfagni 2015a). It is precisely this left-hand-side tail
of the distribution that must be characterized accurately in high reli-
ability structural applications. For example, the Eurocode EN1990
assigns target failure probability values of the order of 10−6=10−7
in 1 year (CEN 2005). In this context, only the left-hand-side tail of
the cumulative probability function of glass strengths is of impor-
tance. However, attempts at calibrating the material safety factors
using the two-parameter Weibull distribution lead in general to very
high values (Badalassi et al. 2014), much higher than those tradi-
tionally employed on the basis of practical and professional expe-
rience. This is also due to the very conservative rescaling of this
statistical distribution that is employed to account for effects of size
and stress state. As demonstrated by Le et al. (2015), while it is
possible to define a two-parameter Weibull distribution that is
on the safe side when calibrated using experimental data derived
from specimens of a certain size and loading (Overend and Louter
2015), the model may not be conservative in its predictions of the
strength distributions of specimens of different size and loading.

Improved models of the strength distribution of glass could in-
crease the competitiveness of glass components in the construction
industry by avoiding redundant design. This is why research on
micromechanics-based statistical models, as alternatives to the
two-parameter Weibull, is of great interest to the glass industry.
Numerous statistical distributions have been developed in recent
years. By assuming the existence of two distinct types of flaw pop-
ulations on the same surface of a brittle material (Phani and De
1987), Klein (2011) proposed the use of a bimodal Weibull statis-
tics, whose micromechanically motivated modeling is considered
by Rickerby (1980). Another approach consists in adopting a
three-parameter Weibull distribution (Przybilla et al. 2011a), which
prescribes a lower bound for glass strength. However, questions
have been raised about the existence of a threshold (Basu et al.
2009). Methods for the material calibration according to the three-
parameter Weibull model are available in the literature (Przybilla
et al. 2011b), possibly taking into account also the effects of sub-
critical crack growth (Salviato et al. 2014). Moreover, experimental

results on predamaged glass (Madjoubi et al. 1999; Durchholz et al.
1995) have confirmed that the minimal strength of float glass can
be reduced, but not annihilated, by the damaging process. Another
noteworthy aspect is that the dispersion of the strength data of dam-
aged glass is much narrower than in the pristine material.

By analyzing the results of the experimental campaign by CEN-
TC129/WG8 recorded in 2006 (CEN 2006), which to the authors’
knowledge represents the widest work for the characterization of
the strength of float glass, this study attempts to interpolate the data
with either bounded (left truncated or three-parameter) and un-
bounded (bilinear, bimodal, and extended) generalized Weibull dis-
tributions. The chi-square goodness-of-fit test is used to assess
whether the discrepancy between experimental data and model
prediction is due to chance alone. In addition, the effects of abra-
sion due to aging are discussed on the basis of micromechanically
motivated considerations. This paper thus presents arguments that,
albeit tentatively at this time, seem to support the existence of a
lower bound for glass strength, which in the authors’ opinion
should be attributed to the limitation of defects, guaranteed by the
factory production controls.

Experimental Evidence of the Lower Bound for
Glass Strength

Experimental results have provided a wealth of evidence that the
distribution of bending strength of float glass systematically devi-
ates from the prediction of the two-parameter Weibull model. In
particular, the measured strengths at low failure probabilities are
in general much higher. Experiments on artificially damaged spec-
imens have confirmed a substantial drop in material strength with
respect to the pristine material. However, as the damaging action is
increased (either in strength or duration), the measured strength
tends asymptotically to a nonzero limit value, while the dispersion
of the data (standard deviation) decreases. A brief account of the
most significant experimental campaigns is reviewed next, with
particular attention given to the evidence that appears to confirm
the existence of a lower limit of glass strengths.

Experimental Campaign by CEN-TC129/WG8

The working group CEN/TC129/WG8 of the European Committee
for Standardization (CEN) performed a wide experimental cam-
paign consisting of 741 failure stress measurements (CEN 2006).
Thirty samples produced by different European glass manufactur-
ing plants, each one composed of approximately 25 plate speci-
mens 6 mm thick, were tested according to the EN1288-2
standard (CEN 2001b). This experimental program formed the ba-
sis for the evaluation of the characteristic value of glass strength
indicated in European standards and guidelines.

The method of EN1288-2 is a coaxial double ring (CDR) test
configuration with additional overpressure in the area bounded by
the inner ring (CEN 2001a), whose aim is to generate an almost
uniform equibiaxial stress state in a circular region far from the
borders. In these conditions, the surfaces of the dominant surface
crack (Appendix) would always be perpendicular to the principal
component of tensile stress, regardless of crack orientation. In
addition, the most stressed region is far from the borders, where
the severity of surface defects is enhanced by the cutting process
(Rodichev et al. 2012). The overpressure is introduced to compen-
sate for geometric nonlinearities, which are responsible of the
deviation from equibiaxiality with respect to the linear elastic sol-
ution for the CDR configuration (Pisano and Royer-Carfagni
2015b). With the same purpose, standard ASTM C1499 (ASTM
2009) prescribes a CDR test with a geometry variable according
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to the specimen thickness, in order to limit deflections and hence
the geometric nonlinear effects.

Some critical points concerning this experimental method have
been discussed previously (Pisano and Royer-Carfagni 2015b, a).
Pisano and Royer-Carfagni (2015b) showed that the relationship
proposed in EN1288-2 (CEN 2001a) between the induced radial
tensile stress, the nominal glass pressure, and the piston force is
not correct. Therefore, the values recorded (CEN 2006) are not
representative of the maximum tensile stress on the specimen at
failure. Moreover, the additional overpressure is not able to com-
pensate for the deviation from equibiaxiality due to the nonlinear
effects, hence the need of rescaling the experimental data. Follow-
ing the procedure shown in Pisano and Royer-Carfagni (2015a), it
is customary to rescale the values of the strength measured in the
tests for the configuration of uniform equibiaxial state of stress on a
unit (1 m2) area, taken as the reference condition. Moreover, since
during the float production process one side of the glass is exposed
to air (air side), while the other side is in contact with the molten
tin bath (tin side) and with the rollers, different kinds of surface
defects are present on the two surfaces. This requires the use of
two different statistics for the tin and the air sides (Pisano and
Royer-Carfagni 2015a).

Fig. 1 shows, with a distinction between the tin and air sides, the
cumulative probability distribution Pf of the strengths recorded
(CEN 2006), corrected by considering the actual stress induced
by piston force and overpressure calculated with a nonlinear
finite-element method (FEM) model (Pisano and Royer-Carfagni
2015a). Data have been arranged in ascending order, assigning
to each datum the experimental value of the probability of failure
defined as Pf ¼ i=ðnþ 1Þ, where i is the ith datum and n is the
total number of data.

By plotting ln ½− lnð1 − PfÞ� versus lnðσÞ in the two-parameter
Weibull plane (represented in the same figure), it is evident that the

left tails of the distributions cannot be interpolated by a straight line
as required by the two-parameter Weibull distribution. This is a
very stringent implication, since probabilities of failures that are
admitted in construction works are very low, of the order of 10−5 −
10−7 per year, so that the accurate interpretations on the left-hand-
side tails is of major importance.

Experiments on Artificially Damaged Glass

There are various contributions in the technical literature that record
experimental campaigns where specimens have been conditioned
in order to artificially reproduce the damaging effects of aging.
Durchholz et al. (1995) performed tests according to EN1288-2
(CEN 2001a) and EN1288-5 (CEN 2001c) on float glass plates
that had been pretreated by dropping corundum (Al2O3) on them.
The statistical analysis of the experimental data through a two-
parameter Weibull model showed that predamaging leads to a lower
scale parameter and to a much greater scale exponent in the Weibull
distributions. In other words, the strongest elements of the distri-
bution are shifted to lower strength values, whereas the dispersion
of the data is highly reduced. More specifically, the results showed
that the minimum strength values remained of the same order as
those obtained by analyzing the pristine float glass; however, such
minimal values remained much higher than those predicted by a
two-parameter interpolating Weibull statistics for undamaged spec-
imens that was extrapolated to the very low fracture probabilities
associated with structural standards.

To the authors’ knowledge, a standardized method for preda-
maging glass has not been defined. Indeed, the applicability of
the process of Durchholz et al. (1995) is not definitive because
it requires an impractical number of tests to estimate very low prob-
ability of failure. However, the experiments are very interesting, at
least at the qualitative level, because they have convincingly
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Fig. 1. Cumulative probability distributions of the strengths for the tin and air side, obtained by CEN-TC129 (CEN 2006), corrected to compensate
the inaccuracy of EN1288-2 (CEN 2001b); same values plotted in the two-parameter Weibull plane
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revealed that predamaging glass considerably lowers the dispersion
of failure stress data, confirming, albeit tentatively, the conclusion
that material strength does not fall below a lower bound. Another
significant evidence from this work is that the difference in
strength between the air side and tin side appears to vanish for
predamaged glass.

Motivated by the frequent sandstorms in the Saharian regions,
Madjoubi et al. (1999) analyzed the influence of sand particle im-
pacts on glass strength. The population consisted of three sets of 50
specimens, tested in a four-point-bending configuration after a
certain time t of exposure to sandblasting. One sample was tested
in the pristine state t ¼ 0 and the second and the third samples were
tested after a period of exposure to sandblasting of t ¼ 30 min and
t ¼ 60 min, respectively. In all tests, the specimen surface was
oriented perpendicular to air flow. The results are summarized
in Fig. 2 in the Cartesian and Weibull planes.

It is clear that the two strength distributions, associated with
t ¼ 30 min and t ¼ 60 min of sandblasting exposure time, are
close to one another, but have noteworthy differences. In the pris-
tine specimens (t ¼ 0 min), the graphs in the Weibull plane cannot
be interpreted by a straight line, but instead exhibit a bilinear
trend; the data associated with the lower probabilities should be

interpolated by a line whose slope is higher than the line approxi-
mating the data on the right-hand side of the graph. However, such
a bimodal character is less pronounced after sandblasting. In neither
case can a straight line interpolate all the data in the Weibull plane.
In general, the strength diminishes after sandblasting. From the
graphs of Fig. 2(b), it is noticed that for high probability of failure
(high strengths), increasing the sandblasting time also reduces the
strength. The opposite seems to be true at low probabilities (low
strengths), when increasing the blasting time seems to have, albeit
approximately, a beneficial effect on the material strengths.

Figs. 3(a and b) show representative micrographs (80× magni-
fication) of the surface damage induced by sand impacts after
t ¼ 30 min and t ¼ 60 min, respectively. It is important to note
the tendency toward a homogenization of the damage with increas-
ing time. Fig. 4(a) shows additional details of surface erosion,
including lateral cracks, nearly parallel to the surface (arrow a),
cracks that extend toward and intersect the surface (arrow b),
and the morphology of the scales after detachment (arrow c).

In order to confirm the effects of sandblasting on ultimate
strength, in another series of tests the treatment time was increased
up to 2 h. The results are summarized in Fig. 4(b), which shows the
average values as well as the corresponding standard deviation.

Fig. 2. Probability plots, in the Cartesian and Weibull planes, of the experimental data (Madjoubi et al. 1999); three different conditions: as-received,
and sandblasted for 30 min and for 60 min

Fig. 3. Micrographs (82× magnification) of the eroded surfaces, showing the damage caused by the sand particles impacts after (a) 30 min and
(b) 60 min

© ASCE 04016100-4 J. Eng. Mech.
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From this graph, one notices a sharp drop in strength after 30 min
of sandblasting, and then a nearly constant level of strength
values. In fact, the strength does not decrease even after 2 h of
sandblasting. The standard deviation decreases with increased
sandblasting time.

Other experimental campaigns confirm these trends. Of particu-
lar interest are the tests of Pourreuix (1997), assessing the strength
reduction in borosilicate glass after sandblasting with round par-
ticles (Zirblast B205 powder). The measured strength was found
to be a decreasing function of the kinetic energy of the impinging
particles, which is evidently correlated with the amount of damage
that the particles can produce on the glass surface. The fact that the
macroscopic strength of glass is governed by microscopic surface
defects was confirmed by further tests, where etching with hydro-
gen fluoride was used to chemically remove the glass layer deterio-
rated by the sandblasting process. Remarkably, it was demonstrated
that this was a very efficient way to increase the strength of the glass
structure, which was found to be an increasing function of the etch-
ing time. Indeed, micrographs of the treated specimens confirmed

that the effect of the chemical etching was that of smoothing out the
glass surface, thus reducing the level of stress concentrations.

However, although the strength increased, the Weibull modulus
was found to decrease with etching time. This suggests that the
leveling of the existing defects was accompanied by a greater
dispersion of their size and sharpness. A simulation of surface dam-
age obtained with sandblasting was also attempted with Vickers
indenters, choosing various loads in order to generate indents with
(postthreshold) and without (subthreshold) radial cracks. The stat-
istical distributions of strengths obtained by applying different
forces at the indenters exhibited a transition zone. If the indent load
was low, the samples behaved like nonindented ones, indicating
that the intrinsic glass defects are dominant. This is confirmed
by the Weibull modulus, which for this case was similar to that
of the pristine glass. On the other hand, for high indent loads,
the strength reduction was accompanied by a reduction of the data
dispersion, determined by a higher Weibull modulus.

All the experiments lead to the tentative conclusion that the
strength of glass cannot be reduced below a certain limit value

Fig. 4. (a) Micrographs (320× magnification) of the damaged surfaces, showing details (arrows a, b, and c) of the formation of lateral cracks;
(b) variation of the fracture strength versus sandblasting duration

© ASCE 04016100-5 J. Eng. Mech.

 J. Eng. Mech., 2016, 142(12): 04016100 

D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

U
ni

ve
rs

ity
 o

f 
H

ou
st

on
 o

n 
04

/1
0/

18
. C

op
yr

ig
ht

 A
SC

E
. F

or
 p

er
so

na
l u

se
 o

nl
y;

 a
ll 

ri
gh

ts
 r

es
er

ve
d.



by a natural degradation process, unless the glass is specifically
damaged on purpose.

On the Possibility of a Lower Bound for Glass
Strength

It is universally recognized that glass breaks due to the propagation
of a dominant surface crack under positive crack opening stress.
The underlying hypothesis is that the average density of the other
surface flaws is such that they do not affect the fracture mechanics
of the opening defect. Hence, it is natural to consider the equilib-
rium states of one dominant crack in a homogeneous isotropic
elastic solid: rupture occurs when such a defect reaches the critical
size associated with the applied stress. This is why the Weibull
statistics, based upon the weakest link-in-the-chain concept, is
the most widely used model for the probabilistic characterization
of the mechanical resistance of glass.

As discussed in detail in the Appendix, it is reasonable to
assume that the dominant crack is semicircular and its surfaces
are perpendicular to the surface. Within the linear elastic fracture
mechanics (LEFM) framework, if there is an upper bound c0;max
for the maximum radius of cracks initially present in glass, there
is a lower bound for the crack opening stress that can provoke
catastrophic failure. With the same notation of Eq. (55), the intrin-
sic lower bound for glass strength predicted by LEFM, say σ0, is
given by

σ0 ¼
KIc

Yðπc0;maxÞ0.5
ð1Þ

where KIc ¼ 0.75 MPam0.5 is the nominal fracture toughness
of soda-lime glass. Therefore, the assumption of a right-skewed
distribution of flaw size (upper bound for the defect size) implies
that the distribution of the material strength is, on the contrary,
left-skewed (lower bound for glass strength).

It should be remarked that, in general, material properties like
KIc, or equivalently c0, should be considered as random variables.
This is of major importance when dealing with high-performance
ceramics, whose size and, consequently, the corresponding surface
flaws, are usually quite small. On the other hand, float glass plies
are usually quite large, so that the distribution of surface flaws gov-
erns the response, being only marginally influenced by variation
in the intrinsic material characteristics. This is why it is customary
to treat the critical stress intensity factor as a deterministic value,
approximately constant within the same specimen.

An upper bound for the crack size (c0;max) can be guaranteed by
accurate factory production controls capable of detecting defects
with absolute precision, according to which any glass with a defect
exceeding this limit will be recycled in the furnaces. If this is the
case, σ0 of Eq. (1) would represent an absolute lower bound for
glass strength, associated with the worst possible condition in
which the dominant crack is exactly at the right angle to direction
of maximal tensile stress (Mode I opening). Any element subject to
a maximum tensile stress below such limit would have the certainty
of survival under instantaneous loading. However, as detailed in the
Appendix, the phenomenon of subcritical crack propagation may
lead to failure in time.

Several works are available in the technical literature that cor-
roborate the hypothesis of the existence a maximum value of the
preexisting flaw size in marketed glass. In particular, Yankelevsky
(2014), in accordance with the prescriptions of product standards,
proposed the value c0;max ¼ 200 μm. Nurhuda et al. (2010) argued
that the maximum flaw size for large annealed glass panels
is c0;max ¼ 278 μm. Optical analyses of the surface of glass
plates indicate that the maximum size of preexisting cracks never

exceeds 120 μm (Lindqvist and Lebet 2014), and 100 μm follow-
ing (Wereszczak et al. 2014). Of course, this limit is strongly
affected by the type of production controls, handling/installing
procedures, and possible further damage. Using the aforementioned
values, from Eq. (1) one would obtain σ0 ¼ 41.95 MPa for
c0;max ¼ 200 μm, and σ0 ¼ 35.58 MPa for c0;max ¼ 278 μm.

The possible existence of a lower bound for glass strength has
been confirmed (Pisano and Royer-Carfagni 2015a) by the results
of the statistical analysis of the experimental campaign (CEN
2006), for which the authors proposed a three-parameter Weibull
distribution that naturally includes a lower bound for material
strength. Data regression with this statistical model demonstrated
that the lower bound is 39 MPa for the air-side data, and 36 MPa
for the tin-side data, values very close to the estimates obtained
from Eq. (1).

However, preexisting dominant defects could be affected by a
modification of the glass surface due to corrosion and/or abrasion.
The phenomenon of glass corrosion is due to the chemical aggres-
sion of alkali solutions, acids, or water. The attack of alkali solu-
tions leads to the dissolution of the external surface, whereas acid
corrosion and corrosion by water make the surface porous. The cor-
rosion process is very gradual and creates uniformly distributed
flaws that are typically much smaller than the preexisting cracks
from the production process. In conclusion, recall that chemical
etching produces the leveling of existing defects and, consequently,
increases the glass strength (Pourreuix 1997).

The flaws due to abrasion are obviously strongly affected by the
cause that produces the abrasion itself. It is well known that it is
easy to break glass if a sharp groove is produced by a diamond bit,
but this type of artificial damage is deliberate, and cannot be asso-
ciated with a natural degradation of the material. The experimental
conclusions with blowing sands of Madjoubi et al. (1999) were
confirmed by Wang et al. (2010), who observed that the maximum
length of the long axes of the flaw caused by a 20-min exposure to
sandblasting was approximately 35 μm. Therefore, considering that
sandstorms represent an extreme condition, it could be argued that
the flaws due to abrasion are most likely smaller than the extremal
largest cracks allowed by factory production controls. One can thus
argue that the effects of aging due to abrasion are that of producing
an additional uniform distribution of defects, whose depth can be
considered to be less than 200 μm.

Although the size of the dominant crack is not affected by the
introduction of additional defects, all the experiments discussed
herein show a decay of the lower limit for glass strength (Madjoubi
et al. 1999; Durchholz et al. 1995) in abraded glass. In order to
provide a qualitative explanation, observe from Figs. 3 and 4(a)
that the defects induced by impinging particles resemble cavities
produced on the glass surface. These can be approximated as semi-
spherical, with a radius of the order of 35–40 μm (Wang et al.
2010). Moreover, since the cavities are uniformly distributed, it
is highly probable that they intersect an existing dominant crack,
which can be considered to be a semicircular thumbnail crack, with
a maximum radius of the order of 100 μm.

The effect of the cavity on the stress intensity factor (SIF)
distribution along the crack front can be quantified by the model
problem shown in Fig. 5(a), where the cavity and the thumbnail
crack have the same center. The SIFs of this configuration were
calculated in Xiao and Yan (2008) by using the boundary element
software FRANC3D. The maximum SIF in Mode I, KIm, is attained
at ϕ ¼ 0 [same notation of Fig. 5(b)] and depends upon the ratio
a ¼ R=r. The graph of KImðaÞ is reported in Fig. 5(c), normalized
with respect to the value K̄ ¼ σ

ffiffiffiffiffiffi
πR

p
, so that 1.251K̄ denotes the

SIF at ϕ ¼ 0 for a semicircular thumbnail crack of radius R, with no
interacting cavity.

© ASCE 04016100-6 J. Eng. Mech.
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It is observed that the cavity shields the crack when
a < a1 ¼ 1.351, whereas its effect is an amplification when a> a1 ¼
1.351. The maximum is attained when a ¼ a2 ¼ 2, when the SIF
increases by about 10.5%, while for a > a2 the function KImðaÞ
is monotonically decreasing. When a ¼ 5.5, KIm is 1.010 times
the SIF of an isolated crack; that is, the effect of the surface cavity
can be neglected. A quantitatively similar amplification from the
cavity is attained at other points of the crack boundary, i.e., when
0 < ϕ ≤ π=2.

This trend can justify, at least at the qualitative level, the exper-
imental results on sandblasted glass. Referring in particular to
Fig. 2, one should distinguish the part of the graphs associated with
low strength and low probabilities (left-hand side) from that corre-
sponding to high strength and high probabilities (right-hand side).

The left-hand-side extreme corresponds to specimens with the
largest intrinsic defects (presumably with axis of the order of
100 μm), whose stress intensity factor is amplified by cavities with
radius of order of 40 μm. According to the graph of Fig. 5(c), the
amplification due to the cavity diminishes if, for a fixed r, the crack
size R diminishes. There is a maximum amplification at a ¼ R=r ¼
2 that is associated with an upper bound for the damaging action
of sandblasting, for which, using Eq. (1), one would obtain a
maximum reduction of the strength of the order of 10%. Going

rightwards in the graphs, the intrinsic defects in the specimens
tend to become smaller (R diminishes) and, if this is the case,
the amplification is reduced. This explains why the gap with the
result of pristine glass also tends to become smaller. The left-hand-
side tail of the graphs shows that specimens that have undergone
the longer sandblasting process (t ¼ 60 min) become stronger than
the others (t ¼ 30 min). This is not surprising: if increasing the
time of sandblasting produces an increase in the size of the cavities
and/or their number, there could certainly be a departure from the
optimal value a ¼ R=r ¼ 2. In fact, observing Fig. 3, one realizes
that if the defects become very numerous and uniformly distributed,
the dominant crack could be intersected by more than one defect or
the cavities may coalesce to form larger cavities, thus producing a
shielding action.

The right-hand-side tail of the graphs is to be associated with the
highest strength and the minimal surface damage in pristine glass.
In other words, the size of the existing cracks should be much
smaller than the size of the cavities produced by sandblasting.
In this case, the strength of the material is no longer governed
by preexisting cracks, but by the artificially produced flaws. There-
fore, on the one hand, one can observe a reduction of strength,
which increases by increasing the time of sandblasting. On the
other hand, since the introduced flaws are uniformly distributed

0 1 2 3 4 5 6
1.1

1.15

1.2

1.25

1.3

1.35

1.4

Shielding field

Amplifying field

(a) (b)

(c)

Fig. 5. Schematic of cracks emanating from a surface semispherical cavity in infinite elastic body: (a) total view; (b) symmetry plane in which the
crack surface occurs; (c) variation of normalized SIFs with the parameter a ¼ R=r
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and similarly sized, a reduced dispersion of the experimental data is
expected. This is confirmed by the slope of the graphs in the
Weibull plane that are steeper than those of the pristine specimens.

In conclusion, if one assumes the existence of a maximum char-
acteristic size of existing flaws dictated by adequate factory produc-
tion controls, there should be a lower bound for glass strength. The
effects of aging, in particular natural abrasion/erosion, could further
lower such a limiting stress. However, the gross strength reduction
in this case would be limited because the size of the additional de-
fects is in general smaller than the size of the maximum dominant
crack. In fact, if the number of additional defects becomes large
enough so that they interact with each other, they will produce a
mutual shielding action.

Accepting a lower bound for glass strength represents a major
change, which may be resisted as opposing the engineering sense
that no structure should be assumed to be 100% safe. As showed by
Pisano and Royer-Carfagni (2015a), if one uses the CEN results
(CEN 2006), a limit stress of the order of 35 MPa is determined.
This value was rejected by the working group CEN-TC129/WG8
because it is considered too high. The committee, therefore, de-
cided to recommend the conservative two-parameter Weibull dis-
tribution, which has no lower bound, although the statistical
analysis of Pisano and Royer-Carfagni (2015a) has demonstrated
that this leads to very inaccurate interpretations of the data. To mit-
igate this inaccuracy, other authors (e.g., Rodichev et al. 2012) have
proposed to use a bilinear Weibull distribution, i.e., to interpret the
left-hand-side tail with one two-parameter Weibull distribution and
the right-hand-side tail with another one. However, this approach
seems to lack a sound physical justification.

Note that the lower bound that seems to emerge from the exper-
imental data (CEN 2006) is quite high [∼35 MPa (Pisano and
Royer-Carfagni 2015a)], but if one accepts that this is due to
the presence of a dominant defect, such a limit should be reduced.
In particular, if the opening stress is maintained for a certain time,
due to the phenomenon of subcritical crack propagation detailed in
the Appendix, the crack size c0;max can increase in time according
to Eq. (56). Consequently, the limit strength σ0 should be rescaled
to the value σ0;τ as per Eq. (59), when the load is maintained for the
time τ . Moreover, to take into account the effects of aging, which
provoke natural abrasion/erosion, it would be necessary to consider
a further reduction to σ�

0;τ , say

σ�
0;τ ¼

σ0;τ

ω0

ð2Þ

where ω0 = parameter that has to be specifically calibrated accord-
ing to the various possible damaging actions, including those
caused by handling. According to this rationale, the observed dis-
tinction in material strength between the tin and air sides should be
attributed only to the presence of additional defects on the tin side
from the float production process. Since the air side is the undam-
aged surface, the true lower bound of glass strength σ0 should be
associated to the value measured on the air side, whereas for the tin
side a reduction is expected according to Eq. (2).

Weibull Approach and Generalized Distributions:
Effects of Size, State of Stress, and Load Duration

Using the fundamental laws of probability, Weibull (1951)
developed a statistical theory that is capable of interpreting the
variability of the experimental data, including strength, for many
materials. His weakest-link-in-the-chain-based theory relies on
the assumptions that failure is the result of the collapse of
one elementary material element that occurs independently of

the response of other portions of the material volume. By dividing
the surface under stress into small area elements dA, the risk of
rupture dB is determined by an equation of the type

dB ¼ − logð1 − Pf;0ÞdA ð3Þ

where Pf;0 = probability of rupture of a representative infinitesimally
small element. The term logð1 − Pf;0Þ is always a negative-value
function of the applied stress σ and so one can write
dB ¼ nðσÞdA, where nðσÞ > 0 is a material function that accounts
for the strength properties. By considering a nonuniform distribution
of stresses in the reference areaA, the risk or collapse can bewritten as

B ¼
Z
A
nðσÞdA ð4Þ

Thus, defining according to Eq. (3) the overall risk of rupture as
B ¼ − logð1 − PfÞ, where Pf is the probability of rupture of the
whole element, one gets

Pf ¼ 1 − expð−BÞ ¼ 1 − exp

�
−
Z

nðσÞdA
�

ð5Þ

Note that the material function nðσÞ for anisotropic materials is
dependent upon the magnitude and direction of the stress, and can
vary throughout the volume. On the contrary, it is a function only of
the stress and position for isotropic materials.

Two-Parameter Weibull Distribution

The two-parameter Weibull (2PW) distribution is commonly con-
sidered the best statistical model for the characterization of glass
strength (Evans 1978). It is thought of as being capable of provid-
ing qualitative explanations of the variability of observed data, and
it is associated with simple formulas for the mean value and stan-
dard deviation. With reference to the micromechanically motivated
model of glass strength referred to in the Appendix, suppose that
the state of stress is equibiaxial at each elementary portion dA, so
that the principal component of tensile stress is always orthogonal
to the plane of the dominant crack (Mode I opening). Freudenthal
(1968) showed how to relate the flaw distribution to the Weibull
strength distribution and, under very general hypotheses associated
with the weakest-link-in-the-chain concept (Coleman 1958), it is
possible to demonstrate that the material function has to be of
the form

nðσÞ ¼
�
σ
η0

�
m

ð6Þ

where η0 and m = scale and shape parameters of the distribution,
respectively. Consequently, the failure probability of a specimen
(Munz and Fett 1999) is given by

Pf;W2 ¼ 1 − exp

�
−
Z
A

�
σ
η0

�
m
dA

�
ð7Þ

The higher the m, the lower the dispersion of data.
If the state of stress is not equibiaxial, one has to take into ac-

count that only the component of stress σ⊥, normal to the crack
plane, has to be considered in the Mode I opening. Denoting by
σ1 and σ2 the principal components of the tensile stress and with
ψ the angle that the the direction of σ1 forms with the normal to the
dominant crack plane, one has

σ⊥ ¼ ½σ1cos2ψþ σ2sin2ψ� ð8Þ

© ASCE 04016100-8 J. Eng. Mech.
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It is reasonable to assume an isotropic and homogeneous distri-
bution of defects (Franco and Royer-Carfagni 2015), i.e., there is
no preferred orientation for the cracks or, equivalently, there is the
same probability of finding a crack in any direction. One can thus
define the equivalent value of the stress for the 2PW distribution

σeq;W2 ¼
�
2=π

Z
π=2

0

ðσ1cos2ψþ σ2sin2ψÞmdψ
�

ð9Þ

so that the failure probability [Eq. (7)] becomes

Pf;W2 ¼ 1 − exp

�
−
Z
A

�
σeq;W2

η0

�
m
dA

�
ð10Þ

Moreover, denoting by σmax the maximum tensile stress in
the tensile area A, it is possible to define the effective area as
Aef;W2 ¼ KW2A, synthetically accounting for the influence of
the size and the stress state upon the probability of failure (Choi
et al. 2000), according to the equivalence

1 − exp

�
−
Z
A

�
σeq;W2

η0

�
m
dA

�
¼ 1 − exp

�
−KW2A

�
σmax

η0

�
m
�

ð11Þ
so that

Aef;W2 ¼ KW2A ¼
R
A ðσeq;W2ÞmdA

ðσmaxÞm
ð12Þ

Obviously, in a uniform equibiaxial state of stress (σ1 ¼ σ2 ¼
σmax;eqb), then σeq;W2 ¼ σmax;eqb and, from Eq. (12), KW2 ¼ 1, so
that

Pf;W2 ¼ 1 − exp

�
−
Z
A

�
σmax;eqb

η0

�
m
dA

�
ð13Þ

In general KW2 < 1, which means that a specimen under a
generic stress state has a lower probability of failure than under
an equibiaxial state. This is why the equibiaxial stress state is
generally accepted as the reference state for the characterization
of the material strength. Moreover, since results are size dependent,
it is customary to assume as the reference size the unitary area
Au ¼ 1 m2.

Within the aforementioned approach, it is then possible to
rescale the population of results obtained from a particular test
configuration toward the configuration of uniformly distributed
equibiaxial stress (σeqb;Au;W2) acting on a unitary (1 m2) area
Au. For specimens with identical distributions of defects, by using
a criterion of equal failure probability, from Eq. (11) one can write

�
−Au

�
σeqb;Au;W2

η0

�
m
�
¼

�
−KW2A

�
σmax

η0

�
m
�

ð14Þ

which leads to

σeqb;Au;W2 ¼ σmax

�
KW2A
Au

�
1 m

ð15Þ

It is important to remark that the aforementioned rescaling de-
pends upon the assumed 2PW distribution for the population of
material strengths.

Three-Parameter Weibull Distribution

If the material in itself has an intrinsic lower ultimate strength σ0,
Weibull proposed to use a material function of the type

nðσÞ ¼
�
σ − σ0

η0

�
m

ð16Þ

which is defined only when σ ≥ σ0. The probability of failure Pf
is interpreted by a three-parameter Weibull (3PW) distribution of
the type

Pf;W3 ¼ 1 − exp

�
−
Z
A

�
σ − σ0

η0

�
m
dA

�
ð17Þ

where again, η0 and m = scale and shape parameter of the distri-
bution while σ0 is the location parameter indicating the lower
bound. This model for glass strength is consistent with the exper-
imental evidence discussed earlier.

When the state of stress is not equibiaxial, one should define the
equivalent stress σeq;W3 similarly to Eq. (9); however, the situation
is more complicated because of the lower bound σ0. Denoting again
with σ1 and σ2 the principal components of stress and with ψ the
angle formed by the normal to the crack plane and the principal
direction of σ1, the crack opening stress in Mode I is again given
by Eq. (8). Then, denoting with j:jþ the positive part of the quantity
in brackets, one can assume the expression

σeq;W3 − σ0 ¼
2

π

Z
π=2

0

ðjσ1 − σ0jþcos2ψþ jσ2 − σ0jþsin2ψÞdψ
ð18Þ

This means that glass is sensitive only to those tensile stresses
that exceed σ0. In fact, Pf ¼ 0 if and only if σ1 ≤ σ0 and σ2 ≤ σ0.

It is worth mentioning that a slightly different expression for
σeq;W3 had been proposed in Pisano and Royer-Carfagni (2015a),
formula (4.13), i.e.

σeq;W3 − σ0 ¼
1

π

Z
π

0

jσ1cos2ψþ σ2sin2ψ − σ0jþdψ ð19Þ

but this assumption is not conservative because it implies that only
the spatial average of the stress has to be compared with the lower
bound σ0; consequently, there could be states of stress with, say,
σ1 > σ0 and σ2 < σ0, that are always safe.

Consequently, the probability of failure for the whole specimen
becomes

Pf;W3 ¼ 1 − exp

�
−
Z
A

�
σeq;W3 − σ0

η0

�
m
dA

�
ð20Þ

Introducing the effective area Aef;W3 ¼ KW3A, this expression
could be rewritten as

Pf;W3 ¼ 1 − exp

�
−Aef;W3

�
σmax − σ0

η0

�
m
�

ð21Þ

where

Aef;W3 ¼ KW3A ¼
R
A ðσeq;W3 − σ0ÞmdA

ðσmax − σ0Þm
ð22Þ

Clearly,KW3 ≤ 1 and KW3 ¼ 1 if and only if the state of stress is
uniformly equibiaxial and higher than σ0.

Moreover, equating the failure probabilities so that

1 − exp

�
−Au

�
σeqb;Au ;W3 − σ0

η0

�
m
�

¼ 1 − exp

�
−Aef;W3

�
σmax − σ0

η0

�
m
�

ð23Þ

© ASCE 04016100-9 J. Eng. Mech.
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one can find the equivalent uniform equibiaxial stress (σeqb;Au ;W3)
acting on the unitary area (Au ¼ 1 m2) in the form

σeqb;Au;W3 ¼ σmax

�
Aef;W3

Au

�
1=m − σ0

��
Aef;W3

Au

�
1=m − 1

�
ð24Þ

From the discussion about the possibility of a lower bound for
glass strength, the quantity σ0 should be associated with the maxi-
mum size of defects that can be found on the glass surface. How-
ever, one has to take into account the phenomenon of static fatigue.
Starting from Eq. (56), one can reach an expression like Eq. (59)
that correlates the opening stress σ0;τ that provokes failure if con-
stantly applied for the time τ , with the opening stress σ0 that pro-
vokes failure during a test in lab at a constant stress rate σ̇ (most
standards suggest to use σ̇ ¼ 2 MPa=s). Reasoning as in Appendix,
one obtains the expression

σ0;τ ¼
ðσ0Þðnþ1Þ=n

½ðnþ 1Þτσ̇�1=n ð25Þ

One can estimate σ0 from the regression of experimental data
from tests performed at the constant stress rate σ̇, using for example
the results of the experimental campaign (CEN 2006), where
σ̇ ¼ 2 MPa. Rigorously speaking, for each experimental datum
it would be necessary to make a rescaling as per Eq. (25) according
to the time that is necessary to provoke rupture. In other words, the
value of σ0 obtained from the experimental data regression has an
intrinsic dependence upon the time that has been necessary to pro-
voke rupture. This is different from the value of σ0, obtained from
Eq. (1), which instead refers to instantaneous rupture.

Finally, it worth remarking that in the 3PW approach the lower
bound for glass strength clearly does not depend upon the size of
the specimen because it is associated with the worst possible con-
dition in terms of defect location and state of stress. Indeed, it
should be interpreted here as an absolute limit that attains the same
value for specimens of any geometry.

Left-Truncated Weibull Distribution

The left-truncated Weibull (LTW) distribution, as the 3PW, pro-
vides a lower bound value of the strength. Even though the
two distributions may appear similar, the interpretation of the lower
limit is very different. In fact, whereas according to the 3PW the
location parameter σ0 is considered an intrinsic limit of the statis-
tical population, the lower limit given by the LTW distribution is
the result of a truncation of the population of experimental data.

Following Weibull (1939), let PfðσÞ represent the probability of
failure at stress σ of the population, evaluated following a certain
prescribed test, and BðσÞ the corresponding risk of failure, with
B ¼ − logð1 − PfÞ. Then, suppose that with a factory production
control, all those test specimens whose ultimate strength is less than
σ0 are eliminated. If the stress σ0 corresponds to the probability P0,
and if the original number of specimen is N, then the number of
specimens remaining after the elimination will be Nð1 − P0Þ. One
can thus obtain the (truncated) probability of failure for the remain-
ing population of specimens PT

f ðσÞ as

PT
f ðσÞ ¼

½PfðσÞ − P0�N
ð1 − P0ÞN

¼ 1 − 1

1 − P0

exp½−BðσÞ�; for σ > σ0

ð26Þ

where P0 = constant. Since PT
f ðσ0Þ ¼ 0, one assumes that

1 − P0 ¼ expð−Bðσ0ÞÞ, and consequently from Eq. (27) one finds

PT
f ðσÞ ¼ 1 − expf−½BðσÞ − Bðσ0Þ�g; for σ > σ0 ð27Þ

By assuming that the parent distribution of glass strengths is a
2PW distribution, then Eq. (6) holds, and from Eq. (4) one obtains

Pf;WT ¼ 1 − exp

�
−
R
Aðσm − σm

0 ÞdA
ηm0

�
ð28Þ

Such an expression holds for equibiaxial stress states. For a gen-
eral type of stress, one can define the equivalent stress σeq;WT ,
which takes a form identical to Eq. (9). In conclusion, the proba-
bility of failure becomes

Pf;WT ¼ 1 − exp

�
−
R
Aðσm

eq;WT − σm
0 ÞdA

ηm0

�

¼ 1 − exp

�
−KWTσm

max − σm
0

ηm0
A

�
ð29Þ

where KWT = correction coefficient for the effective area of the left-
truncated distribution, which reads

KWT ¼
R
A σ

m
eq;WTdA

Aσm
max

ð30Þ

For what concerns the rescaling toward the standard reference
conditions (uniform equibiaxial stress σeqb;Au ;WT on the unitary area
Au ¼ 1 m2), equal failure probability is obtained provided that

1 − exp

�
−KWTσm

max − σm
0

ηm0
A

�
¼ 1 − exp

�
−σm

eqb;Au;WT − σm
0

ηm0
Au

�

ð31Þ
which provides the stress rescaling

σeqb;Au;WT ¼
�
KWTAσm

max

Au
− σm

0

ðA − AuÞ
Au

�
1=m

ð32Þ

Comparing the 3PW distribution of Eq. (20) or Eq. (21) with the
LTW distribution of Eq. (29) shows that both present the lower
bound σ0 for glass strength. But whereas in the 3PW case this rep-
resents an intrinsic material limit, in the LTW the value σ0 is ob-
tained from the elimination of some data from a given population.
In other words, in the LTW case the limit σ0 is associated with the
population of data itself and, implicitly, with the particular testing
procedure that has been employed to obtain such a population. If
the testing procedure is varied, the data change and one obtains a
new population. It is thus not surprising that the specimens to be
eliminated should be associated with a different value of the left
truncation. More specifically, from Eq. (29) it is clear that the lower
bound becomes σ0ðKWTÞ−1=m, i.e., it depends on the type of
stress that is induced in the specimen. However, since as an order
of magnitude m ≃ 6 for float glass, even for a very small value
KWT ≃ 0.3, one would obtain an increase of the order of 20%.

The usefulness of the LTW distribution is that it provides sig-
nificant analytical simplifications as compared with the 3PW func-
tion. Specifically, for the 3PW case the definition in Eq. (18)
implies that the state of stress is everywhere multiplied by the given
constant. Thus, there is a strongly nonlinear dependence upon such
a constant for what the equivalent stress σeq;W3 is concerned. This
implies that the effective area Aef;W3 of Eq. (22) must be calculated
for all stress conditions. For the LTW, on the other hand, the
definition of the equivalent stress σeq;WT , analogous to Eq. (9),
is a linear function of the stress state. Consequently, during a test
where the load is homogeneously increased, if one neglects

© ASCE 04016100-10 J. Eng. Mech.
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geometric second-order effects, the correction coefficient KWT of
Eq. (30) would be independent of σmax.

In conclusion, the physical significance of the collocation
parameter σ0 for the 3PW and the the LTW distributions is quite
similar, but whereas in the first case it is an intrinsic material prop-
erty, in the second case it is associated with a particular production
control that allows to eliminate the bad specimens. The meaning of
bad is associated with the particular type of production control that
is employed. For both cases, the value of σ0 is associated with the
maximum size of the pre-existing defects in the glass specimen.
Because of the phenomenon of subcritical crack propagation, it
has to be rescaled for the LTW to account for loading time as it
was for the 3PW case according to Eq. (25).

Weibull Distributions without a Lower Bound

As discussed earlier, Fig. 1 makes it clear that the data on the
Weibull plane does not lie on a straight line as dictated by the
2PW distribution. However, the presence of a lower bound for glass
strength is not always accepted by many engineers and researchers,
who have preferred to interpolate the observed measurements with
a generalized two-parameter Weibull distributions that does not
have a limit on the left-hand-side tail.

Bilinear Weibull Distribution

The simplest idea consists in interpolating the experimental points
with a piecewise linear function, as proposed by Rodichev et al.
(2012). However, the approach is not without ambiguity if one con-
sider that the state of stress inside the material is in general not
uniformly equibiaxial. This can be illustrated by defining the equiv-
alent stress σeq;WB through an expression identical to that of Eq. (9)
for the 2PW distribution. In the simplest case, one can assume a
bilinear function for the Weibull distribution (BLW) of the form

Pf;WL ¼

8>>><
>>>:

1 − exp

�
− R

A

�
σeq;WL

η1

�
m1

dA

�
; for 0 < σmax ≤ σ�

1 − exp

�
− R

A

�
σeq;WL

η2

�
m2

dA

�
; for σmax > σ�

ð33Þ

where ðη1;m1Þ and ðη2;m2Þ = 2PW coefficients corresponding to
the left-hand-side and right-hand-side branches, respectively, while
σmax is the maximum stress for the element under consideration.
Notice that in this approach the choice of the Weibull coefficients
is made upon the stress σmax. Another approach would be to con-
sider the distribution

P̂f;WL ¼ 1 − exp

�
−
Z
A

�
σeq;WL

ηðσeq;WLÞ
�
mðσeq;WLÞ

dA

�
ð34Þ

where

½ηðσeq;WLÞ;mðσeq;WLÞ
� ðη1;m1Þ for 0 < σeq;WL ≤ σ�

ðη2;m2Þ for σeq;WL > σ� ð35Þ

but such a choice would lead to serious complications, because one
would have to change the Weibull parameters within the same
structural element.

If one assumes Eq. (33) is analogous to Eq. (12), one can in-
troduce the effective area Aef;WL ¼ KWLA, that for this specific
case can be written as

Aef;WL ¼ KWLA ¼

8>>><
>>>:

R
A ðσeq;WLÞm1dA

ðσmaxÞm1
for 0 < σmax ≤ σ�

R
A ðσeq;WLÞm2dA

ðσmaxÞm2
for σmax > σ�

ð36Þ

On the other hand, under the hypothesis that Eq. (34) holds, one
would find the much more complicated expression

Âed;WL ¼ K̂WLA

¼

8>>><
>>>:

�
η1
σmax

�
m1

Z
A

�
σeq;WL

ηðσeq;WLÞ
�
mðσeq;WLÞ

dA; for 0 < σmax ≤ σ�

�
η2
σmax

�
m2

Z
A

�
σeq;WL

ηðσeq;WLÞ
�
mðσeq;WLÞ

dA; for σmax > σ�

ð37Þ
where ηðσeq;WLÞ and mðσeq;WLÞ are defined as in Eq. (35).

Rescaling of the experimental data obtained in the particular test
configuration toward standard conditions (uniformly equi-biaxial
state of stress, say σeqb;Au;WL, acting on the unitary area
Au ¼ 1 m2) is not straightforward as in Eq. (14), because one
has to choose which one of the pairs ðη1;m1Þ or ðη2;m2Þ to select
according to the values of σeqb;Au ;WL. This choice is quite arbitrary
since to the authors’ knowledge, apart from the heuristic explan-
ations set forth in the following, the bilinear Weibull statistics
does not seem to be corroborated by any physical model. There
is no need to remark further that the piecewise-linear distribution
becomes extremely complicated if more than two Weibull pairs are
chosen to interpolate the results.

Bimodal Weibull Distribution

In order to obtain a smooth transition between the data interpolated
with two Weibull distributions (bimodal Weibull, or BMW), one
can assume that the material has undergone two distinguished
and independent failure mechanisms, each one governed by a
specific Weibull distribution of the type in Eq. (10), with corre-
sponding parameters ðη1;m1Þ and ðη2;m2Þ. In the weakest-link-in-
the-chain rationale, this is equivalent to assume that the chain
consists of two types of rings, as schematically represented in
Fig. 6(a).

One can thus assume that the probability of survival of the
system is the product of the probability of survival of the two con-
stituent types of chain rings. Defining the equivalent stress σeq;WM
as per Eq. (9), then the corresponding cumulative probability
distribution of failure reads

(a)

(b)

Fig. 6. (a) Bimodal chain, formed by two types of rings;
(b) consecutive-loss-of-strength chain concept

© ASCE 04016100-11 J. Eng. Mech.
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P̆f;WM ¼1−exp

�
−
Z
A

�
σeq;WM

η1

�
m1

dA

�
exp

�
−
Z
A

�
σeq;WM

η2

�
m2

dA

�

¼1−exp

�Z
A
−
��

σeq;WM

η1

�
m1 þ

�
σeq;WM

η2

�
m2

�
dA

�
ð38Þ

However, in the Weibull plane one would obtain a graph whose
slope is higher on the right-hand-side tail than on the left-hand-side
tail, that is, the contrary of what one would expect to fit the exper-
imental data (Fig. 1). In order to obtain the desired trend, one
should assume a cumulative probability of failure, which is the
product of the cumulative probabilities of failures for each constitu-
ent set of rings, i.e.

P̂f;WM ¼
�
1 − exp

�
−
Z
A

�
σeq;WM

η1

�
m1

dA

��

×

�
1 − exp

�
−
Z
A

�
σeq;WM

η2

�
m2

dA

��

¼ 1 − exp

�
−
Z
A

�
σeq;WM

η1

�
m1

dA

�

− exp

�
−
Z
A

�
σeq;WM

η2

�
m2

dA

�

þ exp

�Z
A
−
��

σeq;WM

η1

�
m1 þ

�
σeq;WM

η2

�
m2

�
dA

�
ð39Þ

A physical justification of Eq. (52) is less straightforward. One
may rely upon the schematic of Fig. 6(b), where one of the chains is
taut while the other is loose. If the lateral supports are pulled apart,
one has to break the first chain before the second one becomes en-
gaged and in turn breaks. The probability of failure of the system at
a certain stress level is equal to the probability that both chains
break at that level, so that Eq. (52) is obtained. However, it is dif-
ficult to figure out such a scenario in a real system because it would
imply the activation of two consecutive failure mechanisms, inde-
pendent of one another.

Similarly to Eq. (12), one can define the effective area A
⌣

ef;WM ¼
K
⌣

WMA that, taking into account Eq. (38), needs to satisfy

Ăef;WM

��
σmax

η1

�
m1 þ

�
σmax

η2

�
m2

�

¼
Z
A

��
σeq;WM

η1

�
m1 þ

�
σeq;WM

η2

�
m2

�
dA ð40Þ

An analogous expression is obtained for Âef;WM ¼ K̂WMA by
using Eq. (52). The result is extremely complicated.

Rescaling toward the experimental condition of uniformly
equi-biaxial state of stress σeqb;Au ;WM, acting on the unitary area
(Au ¼ 1 m2) is again extremely difficult as in the case of the bi-
linear Weibull model.

Extended Weibull Distribution

The major difficulty with the BLW and BMW models is that the
presence of two Weibull exponents renders any rescaling extremely
difficult. This is why many authors have attempted to define dis-
tributions that are more flexible in modeling lifetime data, but retain
one Weibull exponent. In particular, Marshall and Olkin (1997)
proposed a new method for adding a parameter to a family of
distributions, whose application for the Weibull families can be
expressed as

Pf;WE ¼ 1 − ν ~Ps

1 − ð1 − νÞ ~Ps

ð41Þ

where

~P ¼ exp

�
−
Z
A

�
σeq;WE

η0

�
m
dA

�
ð42Þ

and the equivalent stress σeq;WE takes again the same form
of Eq. (9).

In order to define the effective area Aef;WE ¼ KWEA, one has to
satisfy the equality

1 − ν exp
	−KWEA


σmax
η0

�
m
�

1 − ð1 − νÞ exp	−KWEA

σmax

η0

�
m
�

¼ 1 − ν exp
	R

A


σmax
η0

�
mdA

�
1 − ð1 − νÞ exp	RA
σmax

η0

�
mdA

� ð43Þ

from which one finds that Aef;WE ¼ Aef;W2 and KW2 ¼ KW2 as per
Eq. (12). Thus, the effective area takes the same form of the two-
parameter Weibull distribution. In an analogous manner, one can
rescale the experimental data toward the uniform equibiaxial stress
σeq;Au ;WE acting on the unitary area Au by setting

1 − ν exp
	−Au


σeg;Au ;WE

η0

�
m
�

1 − ð1 − νÞ exp	−Au


σeg;Au ;WE

η0

�
m
�

¼ 1 − ν exp
	−KWEA


σmax
η0

�
m
�

1 − ð1 − νÞ exp	−KWEA

σmax

η0

�
m
� ð44Þ

so as to obtain

σeq;Au;WE ¼ σeq;Au;W2 ¼ σmax

�
KWEA
Au

�
m

ð45Þ

Therefore, the rescaling takes exactly the same form as that of
the two-parameter Weibull distribution of Eq. (15).

Although this distribution provides a very simple formulation,
its major drawback is that the left-hand-side and right-hand-side
tails are supposed to present the same slope in the Weibull plane
(Zhang and Xie 2007). Observing the data in Fig. 1 for the air-side
of the glass, one can notice that, albeit quite weakly, the probability
tends to increase as σ → ∞, so that the slope of an interpolating
curve at the very right-hand-side extremity would tend to fit with
the slope associated with very low probabilities (σ → 0). The bulk
of the data should, therefore, be associated with the transition zone
of the extended Weibull (EXW) distribution, so that calibration is
not straightforward (Hirose 2002). However, the same asymptotical
properties for σ → 0 and σ → ∞ are not so evident when the tin-
side data of Fig. 1 are considered, or for the data recorded in Fig. 2.

Experimental Confirmations

To the authors’ knowledge, the only experimental program that pro-
vides sufficient data for statistical analysis is the one produced by
working group CEN/TC129-WG8, which is comprised of 741
measurements (CEN 2006). Other campaigns have produced
limited number of data points that are not made available in the
literature. Therefore, assessment of the proposed statistical models
relies on comparisons with the aforementioned data.
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Data Regression and the Two-Parameter Weibull
Distribution

The Weibull parameters are usually determined through a graphi-
cally based regression of the experimental data. The measured fail-
ure stress values σi are ranked in ascending order and a failure
probability Pi is assigned to each of them according to a probability
estimator. The most commonly used probability estimators are

Pi ¼
i

nþ 1
; Pi ¼

i − 0.5
n

; or Pi ¼
i − 0.3
nþ 0.4

ð46Þ

where n = total number of data. Here, the first of these is
selected because it provides the most conservative results for the
2PW modulus and is, therefore, the most frequently used for design
purposes.

The 2PW probability plot is obtained by the equation for the
probability of failure [Eq. (10)], but since the data report the
σmax in the specimen, it is useful to use the notion of effective
area Aef;W2 ¼ KW2A as per Eq. (12) and apply the alternative form
established by Eq. (11). One can thus write

Pf;W2 ¼ 1 − exp

�
−
�

σmax

η0=A1 m
ef;W2

�
m
�

⇒ ln

�
ln

�
1

1 − Pf;W2

��
¼ m lnðσmaxÞ −m lnðη0=A1 m

ef;W2Þ

ð47Þ

where σmax = maximum tensile stress measured in the
specimen, while m and η0 = shape and scale parameter,
respectively.

In general, the quantity Aef;W2 depends upon the state of stress
in the specimen, as prescribed by Eq. (12). However, if a linear
elastic model is used, there is a linear correspondence between
σeq;W2 and σmax and the dependence is lost. In other words, there
is a variation of Aef;W2 only if the testing procedure involves non-
linear geometric effects. These can be of importance (Pisano and
Royer-Carfagni 2015b) for the test method (CEN/TC129 2001a),
but can be neglected, at least as a first-order approximation. Under

this hypothesis, if the experimental data are plotted in the Weibull
plane, with axes ln ln 1=ð1 − PfÞ and ln σ, they should be aligned.

There are various methods to find the optimal Weibull param-
eters. The graphical approach consists in fitting the line of Eq. (47)
to the data using the least-square method. Another very used
method is the maximum likelihood parameter estimation (MLE)
(Cohen 1965), but its application presents difficulties for general-
ized distributions with more than two parameters. For all the cases
considered in this article, the authors have used the graphical ap-
proach. The plots corresponding to the 2PW statistics, distin-
guished for the tin and air side, are shown in Fig. 7.

Recall that the experimental points recorded in CEN (2001a)
had to be corrected in order to fix a systematic error contained
in a calibration graph of the standard (CEN 2001a). However, as
already discussed at length (Pisano and Royer-Carfagni 2015a), the
approximation given by the 2PW statistics is very poor, both for the
air- and the tin-side data.

Weibull Distributions with a Lower Bound

For the three-parameter Weibull model, one can use Eq. (21), where
the effective area Aef;W3 ¼ KW3A is defined by Eq. (22), leading to

Pf;W3 ¼ 1 − exp

�
−
�
σmax − σ0

η0=A
1=m
ef;W3

�
m
�

⇒ ln

�
ln

�
1

1 − Pf;W3

��
¼ m lnðσmax − σ0Þ − lnðηm0 =Aef;W3Þ

ð48Þ

One can set y ¼ ln ln 1=ð1 − PfÞ, x ¼ lnðσ − σ0Þ, and
B ¼ − lnð=Aef;W3Þ. Consequently, the value of the location param-
eter σ0 might be selected by requiring that the data in the 3PW
plane, ln ln 1=ð1 − PfÞ versus lnðσ − σ0Þ, are as much as possible
aligned. From the interpolating line y ¼ mxþ B, one can obtain
the Weibull parameters from comparison with Eq. (48). However,
apart from the error that may be introduced using the aforemen-
tioned graphical method, one should recall from Eq. (22) that (even
if a linear elastic approach is used and second-order effects are
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Fig. 7. Linear interpolation in the two-parameter Weibull plane of the failure stress measurements by CEN/TC129/WG8; distinction between tin- and
air-side measurements
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neglected) there is not a linear correspondence between ðσeq;W3 −
σ0Þ and ðσmax − σ0Þ. Thus, in general, Aef;W3 depends upon σmax
and the dependence is more pronounced if one uses Eq. (18), rather
than Eq. (19), for the estimation of the equivalent stress σeq;W3.

Therefore, the exact calibration of the 3WP statistics requires a
more complex iterative procedure, where one tentatively chooses
the shape parameter m, calculates Aef;W3 according to Eq. (22),
then attempts the best graphical representation to find the colloca-
tion parameter σ0 from best alignment of the data, and finally finds
m from linear interpolation. The procedure is repeated up to con-
vergence. However, observing that in Eq. (48) the quantity Aef;W3 is
elevated to the 1=m power and that m is in general of the order of
5=7, even if Aef;W3 is doubled, its power increases of 10=15%.
Therefore, here such a dependence can be neglected.

The corresponding results are shown in Fig. 8. At first sight, it is
observed that an excellent linear fit can be obtained for the air-side
data, but the approximation is not as good for the tin-side data. The
slope of the interpolating line is the value of m, whereas from the
estimation of B, i.e., the point where the line intercepts the y axis,
one finds η0=A1 m

ef;W3 ¼ expð−BÞ1 m.
For the left-truncated Weibull statistics, the data regression pro-

cedure is completely analogous. The expression for the probability
of collapse [Eq. (29)] leads to

Pf;WT ¼ 1− exp

�
−KWTσm

max − σm
0

ηm0
A

�

⇒ ln

�
A
σm
0

ηm0
þ ln

�
1

1−Pf;WT

��
¼m lnðσmaxÞ þ ln

�
Aef;WT

ηm0

�

ð49Þ

where now the expression for Aef;WT is given by Eq. (30). It is
worth recalling that, since also the equivalent stress σeq;WT takes
the same form of the 2PW case, the discussion follows the same
rationale given for the 2PW statistics. In particular, the variation of
Aef;WT is associated with nonlinear geometric effects only; there-
fore, at least as a first-order approximation, it can be assumed to be
constant for all the measured strengths.

One can then define G ¼ Aσm
0 =η

m
0 , B ¼ ln½Aef;WT=ηm0 �, y ¼

ln½Gþ ln 1=ð1 − Pf;WTÞ� and x ¼ ln σmax. The expression 2 in

Eq. (49) can be thus written as y ¼ mxþ B. Then, under the hy-
pothesis Aef;WT ¼ const, the problem consists in finding the value
of G such that, in the LTW plane ln½Gþ ln 1=ð1 − PfÞ� versus
lnðσÞ, the resulting points are best aligned. From the linear inter-
polation of the data, one finds the optimal value of m and B. The
other parameters can thus be obtained as

η0 ¼ A1 m
ef;WT ½expð−BÞ�1 m;

σ0 ¼ η0

�
G
A

�
1 m

¼ ½KWT expð−BÞG�1 m ð50Þ

The corresponding plots in the LTW plane, with the correspond-
ing interpolating lines of the data of (CEN 2006), are shown in
Fig. 9 for the air- and tin-side surfaces.

The values of the Weibull parameters for the 2PW, 3PW, and
LTW, obtained by the linear regression procedures just outlined,
are summarized in Table 1. Notice that the method permits to di-
rectly estimate the quantity η0;air=A1 m

ef , which has the dimensions of
force per unit area, but estimation of the value of collocation param-
eter σ0 for the LTW distribution requires the knowledge of KTW .
For the testing configuration (CEN 2001a), neglecting second-
order effects, one can assume (Pisano and Royer-Carfagni 2015a,
Fig. 6) that KTW ¼ 0.5 for the air side and KTW ¼ 0.45 for the
tin side.

It is observed in Figs. 8 and 9 that there is not a substantial dif-
ference in the possibility of fitting the experimental data between
the 3PW and LTW statistics. However, the evaluation of the equiv-
alent state of stress for the 3PW statistics, according to either
Eq. (18) or Eq. (19), is not without ambiguity. Moreover, also
the definition of the effective area Aef;W3 according to Eq. (22)
is much more complicated than for the LTW approach. A final re-
mark is that the Weibull shape parameter m for the 3PW distribu-
tion results to be much smaller than for the other two cases.

Weibull Distributions without a Lower Bound

Consider first the bilinear Weibull (BLW) distribution. The intrinsic
difficulties for the definition of the effective area Aef;WL, associated
with the presence of two set of Weibull moduli, have been
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Fig. 8. Linear interpolation in the three-paremeter Weibull plane ln ln 1=ð1 − PfÞ versus lnðσ − σ0Þ of the failure stress measurements by CEN/
TC129/WG8; distinction between tin-side and air-side measurements
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discussed already. A model of the type [Eq. (34)] would be very
hard to treat, and this is why here it is necessary to limit the
assumption that the statistical distribution is given by Eq. (33).
The corresponding statistics is consequently of the form

Pf;WL ¼

8>>><
>>>:

1 − exp

�
−
�
σmax

η1

�
m1

Aef;WL;1

�
for 0 < σmax ≤ σ�

1 − exp

�
−
�
σmax

η2

�
m2

Aef;WL;2

�
for σmax > σ�

ð51Þ

where Aef;WL;1 and Aef;WL;2 = values of the effective area on the
branches σmax ≤ σ� and σmax > σ� according to the definition of
Eq. (36). Neglecting geometric nonlinear effects, one can assume
that the aforementioned values are constant for any value of σmax,
apart from the jump that they exhibit when σmax ¼ σ�. Since
one has indeed two distinguished 2PW distributions, the plane use-
ful to perform the linear regression of the data is obviously the same
used for the 2PW statistics. The data are split into two series
according to the value of σ� and the four parameters characterizing
the BLW statistics have been estimated by the linear regression
of the data contained in each of the two resulting domains. The
choice of σ� has been made so to maximize the goodness of fit.
For the tin and air sides, they are, respectively, σ�

air ¼ 63.46 MPa
and σ�

tin ¼ 52.12 MPa.
The analysis for the bimodal Weibull distribution has been made

using the expression Eq. (52) for P̂f;WM, with the corresponding

definition in Eq. (40) for the effective area Âef;WM ¼ KWMA, so
that the resulting expression is of the type

P̂f;WM ¼ 1 − exp

�
−
�
σmax

η1

�
m1

Âef;WM

�

− exp

�
−
�
σmax

η2

�
m2

Âef;WM

�

þ exp

�
−
��

σmax

η1

�
m1 þ

�
σmax

η2

�
m2

�
Âef;WM

�
ð52Þ

Note that, in this case, the definition of the effective area is
strongly stress dependent. However, in order to evaluate the
method, it was decided, as a first attempt, to neglect such a depend-
ence. Then, the best fit is obtained by varying the four parameters
of the distribution.

The plots of the best-fit Weibull probability plots obtained by
using the BLW and BMW approaches are represented in Fig. 10,
making again the distinction between the tin and air side. From a
graphical point of view, both the BLW and BMW distributions
show a similar capability of fitting the experimental data, so that
from the purely statistical point of view, there is not a substantial
difference between using one over the other. However, the calcu-
lation of the effective area is extremely difficult for both cases, and
to the authors’ knowledge the two approaches are not corroborated
by a sound micromechanically motivated model.

The numerical estimated values of the various parameters char-
acterizing the BLWand the BMW statistics are recorded in Table 2.
The method that has been here used to fit the experimental data is
essential graphical, but nevertheless it provides useful information.
Comparing the data of Table 1 with those of Table 2, observe that
the shape parameter m for the BLW and BMW cases fitting the
right-hand-side tail of the data is similar to the value corresponding
to the LTW distribution. However, the values of m predicted on the
left-hand-side tail are much higher, of the order of 10 for the air
side, and 12=15 for the tin side. There is not a substantial difference
between the Weibull parameters obtained with the BLWand BMW
distribution, at least for the air side, while the distinction is slightly
more evident for the tin side. In conclusion, at least from a
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Fig. 9. Linear interpolation in the LT Weibull plane ln½Gþ ln 1=ð1 − PfÞ� versus lnðσÞ of the failure stress measurements by CEN/TC129/WG8;
distinction between tin-side and air-side measurements

Table 1. Weibull Parameters for the 2PW, 3PW, and LTW Statistics,
Obtained by Linear Regression of the Experimental Data by CEN/
TC129/WG8

Statistics mair mtin

η0;air=A
1=m
ef;air

(MPa)
η0;tin=A

1=m
ef;tin

(MPa)
σ0;air
(MPa)

σ0;tin
(MPa)

2PW 5.37 6.45 94.17 68.38 — —
3PW 2.55 2.65 52.84 31.20 39.00 36.00
LTW 4.00 4.25 58.22 38.04 41.21 36.51
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qualitative point of view, the BLW and the BMWapproaches seem
to be quite equivalent.

Consider finally the analysis of the extended Weibull (EXW)
distribution of Eq. (42). The most important feature of this model
is that the effective area Aef;WE ¼ KWEA takes the same expression
[Eq. (12)] associated with the 2PW distribution. Therefore, the var-
iations of Aef;WE are due to nonlinear geometric effects also for this
case, which lead to the same results if they are neglected.

Setting y ¼ ln½ln 1=ð1 − PfÞ� and x ¼ ln σmax and using the
equivalence in Eq. (43), it is not difficult to verify (Zhang and
Xie 2007) that in the Weibull plane, the probability plot is the
smooth curve of equation

y ¼ ln ½−ðlnðνÞ − ln fexp ½expðxÞ=ðη0=A1=m
ef;WEÞ�m − ð1 − νÞgÞ�

ð53Þ

The three parameters of the EXW statistics have been estimated
with the same procedure proposed by Zhang and Xie (2007). The
corresponding values are mair ¼ 7.9; η0;air=A1 m

ef;WE;air ¼ 139 MPa;
νair ¼ 0.0151; mtin ¼ 7.9; η0;tin=A1 m

ef;WE;tin ¼ 100 MPa; and

νtin ¼ 0.012. Note that the shape parameter m is higher than in
the 2PW, 3PW, and LTW, but much lower than in the BLW and
BMW approaches.

The corresponding graphs have been plotted in Fig. 11.
An acceptable goodness-of-fit is observed for the air-side data,
whereas the tin-side data are not interpolated well by the statistical
model.

Chi-Square Goodness-of-Fit Test

The chi-square goodness-of-fit test consists in the verification of the
null hypothesisH0, stating that a particular effect indicated by elab-
orating a sample is due only to random variation between the sam-
ple and the population, i.e., the difference between the expected
values from an assigned statistical distribution and the observed
data is due to chance alone (Navidi 2008). To perform the test,
the data must be grouped into k classes ðC1;C2; :::;CkÞ, which
are associated with the observed frequencies ðn1; n2; :::; nkÞ. Let
p1;p2; :::;pk be the probability that a stochastic variable (X)
assumes a value inside one of the classes according the statistical
model under analysis, and ðnpi; i ¼ 1,2,...; kÞ be the expected
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Fig. 10. Bilinear and bimodal Weibull probability plots of the failure stress measurements by CEN/TC129/WG8; distinction between tin-side and
air-side measurements

Table 2. Estimated Weibull Parameters for the BLWand the BMW Statistics, Obtained by Linear Regression of the Experimental Data by CEN/TC129/WG8

Statistics mair;1 mair;2

η0;air;1=A
1=m1

ef;air
(MPa)

η0;air;2=A
1=m2

ef;air
(MPa) mtin;1 mtin;2

η0;tin;1=A
1=m1

ef;tin
(MPa)

η0;tin;2=A
1m2

ef;tin
(MPa)

BLW 10.25 4.62 76.41 94.03 15.83 5.03 57.44 67.84
BMW 10.25 4.62 57.50 94.03 11.80 4.80 50.00 69.00
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absolute frequency. A measure of the discrepancy between the
observed and the expected frequencies is of the form

X2
c ¼

Xk
i¼1

ðni − npiÞ2
npi

ð54Þ

obviously, the larger the value of X2
c, the stronger the evidence

against H0.
The idea behind the hypothesis test is that if H0 is true, then

the observed and expected values are likely to be close to each
other. Therefore, a test statistic can be constructed that measures
the closeness of the observed to the expected values. The statistic
is called the chi-square statistic and the p-value is a measure of the
probability that the hypothesisH0 is true. To determine the p-value
for the test, one must know the null distribution of the test statistic
[Eq. (54)], i.e., the distribution of the X2

c under the hypothesis
that H0 is true. In general, one cannot determine the null distribu-
tion exactly, but when the expected values are all sufficiently large,
a good approximation is available. It is called the chi-square
distribution, denoted by χ2

g, where g is a number that represents
the degree of freedom. If npar denotes the number of parameters
characterizing the statistical distribution under analysis, then
g ¼ k − 1 − npar.

This test is sensitive to the chosen number of bins k in which the
data are grouped and to their distribution, but there is not a recog-
nized absolute optimal choice for bin width. Here, it was chosen to
group the data into 20 bins of equal width. Since the expected
frequencies for each bin should be at least five so to guarantee
a good chi-square approximation, here some bins were joined in
the tails for some of the analyzed distributions. Once X2

c is evalu-
ated and the number of degrees of freedom k is fixed, the corre-
sponding p-value can be obtained from the χ2

g distribution using
a simple computer algorithm.

An estimate of the goodness-of-fit of the various statistical
models can be obtained with this method, which is by far more
objective than the simple graphical comparison in the Weibull
plane. The p-values associated with all the distributions under con-
sideration are recorded in Table 3. It is useful to recall that it is

customary to accept the 5% rule, i.e., the H0 hypothesis is accepted
(rejected) if p ≥ 5% (p < 5%).

The results of Table 3 seem to reinforce the idea of the existence
of a lower bound for the float glass strength, since the statistical
distributions that provide the location parameter σ0 (3PW, LTW)
exhibit an extremely high goodness-of-fit, at least for the air-side
data (pair;3PW ¼ 0.7332 and pair;LTW ¼ 0.6676). Moreover, it is
confirmed that the 2PW is absolutely not sufficient to represents
the statistical population of the float glass strength.

If the idea of a lower bound for glass strength is too hard to
accept, the BLW and BMW statistics, whose p-values are still very
good (pair;BLW ¼ 0.2128 and pair;BMW ¼ 0.2401), could represent a
valid alternative. However, for such distributions, the definition of
the effective area for specimens with different size and loading con-
ditions presents significant complications. Moreover, the physical
justification of such models has not yet been proposed.

The EXW model, which is generally used instead of the 3PW
approach because it does not imply a lower bound for glass strength
(Hirose 2002), provides a less accurate interpretation of the exper-
imental data for the air side (pair;EXW ¼ 0.0979). However the
approximation is acceptable according to the 5% rule.

On the other hand, none of the generalized distributions under
consideration is able to definitely represent the statistical popula-
tion of the tin-side strength. The reason for this can be found in the
discussion at the end of the section about the existence of a thresh-
old for glass strength, according to which the tin side should be
considered a predamaged glass, whose statistic is inevitable af-
fected by a different in type defect population introduced during
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Fig. 11. Extended Weibull probability plot of the failure stress measurements by CEN/TC129/WG8; distinction between tin-side and air-side
measurements

Table 3. Estimated p-Values for the Generalized Weibull Distributions
under Consideration

Statistics p-value air k air p-value tin k air

2PW ≅0 19 ≅0 16
3PW 0.7332 20 0.0027 16
LTW 0.6676 19 0.003 15
BLW 0.2128 19 0.0235 16
BMW 0.2401 19 0.0041 17
EXW 0.0979 20 ≅0 15
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the production process. However, the statistical evaluation of this
deviation goes beyond the scope of the present work.

Discussion and Conclusions

The aim of this article has been to provide a better understanding of
the statistical distributions that can be used to model the population
of the measured strength of float glass. The attention has been
focused on the left-hand-side tails of the cumulative distributions,
associated with low strengths and low probabilities of failure be-
cause these are the most interesting for high reliability structural
applications (Badalassi et al. 2014). The major question that has
been addressed here is the following: does a lower bound for
the strength of float glass exist? Although a positive response to
this statement may go against the common engineering sense, ac-
cording to which no material can be 100% safe, there are arguments
in favor of this conclusion.

The argument for a lower bound strength is buttressed by the
statistical analysis of the results from the wide experimental cam-
paign by CEN/TC129/WG8 (CEN 2006), which show that if the
data associated with the cumulative probability of failure are plot-
ted in the Weibull plane ln½− lnð1 − PfÞ� versus lnðσÞ, the points
clearly deviate from linearity in the left-hand-side tail. This is why a
two-parameter Weibull distribution, which is by far the most used
statistic for brittle material, fails to interpret the experimental evi-
dence for float glass. The strength is much higher than expected
from the statistical model whenever the lower branch is attained.

Moreover, there is wealth of experimental evidence that natural
aging and the consequent degradation cannot produce a decay
of glass strength below a certain limit. This is confirmed by the
strength data after sandblasting (Madjoubi et al. 1999), which
can be considered to reproduce an extreme condition of aging.
A qualitative justification of this finding has been proposed, with
arguments based upon micromechanical modeling within the
framework of linear elastic fracture mechanics (LEFM). Indeed,
the larger preexisting flaws, which characterize the weakest glass
specimens, appear to have a bigger size than that of the flaws suc-
cessively induced by damage. Therefore, these may have a shield-
ing action on the preexisting cracks, as well as an amplification
effect, which remains in any case limited.

This study has tried to interpolate the experimental results of
glass strength by using generalized statistics like Weibull, present-
ing a third collocation parameter associated with an assumed lower
bound of glass strength. Their ability to interpolate the experimen-
tal data has been evaluated by using the chi-square goodness-of-fit
test (Navidi 2008), whose associated p-value represents the prob-
ability that the measured discrepancy between observed and ex-
pected frequencies is due to chance alone. The three-parameter
Weibull distribution and the left-truncated Weibull distributions
both provide excellent results, especially for the air side of the glass
surface.

However, since the hypothesis of a lower bound for glass
strength is hard to accept, an attempt has been made to fit the ex-
perimental results with unbounded distributions. In particular, the
bilinear and bimodal Weibull distributions permit to split the data
into various branches and to treat them separately. The p-values
associated with these distributions remain acceptable for the air
side, but are much smaller than for the bounded distributions.
On the other hand, the bilinear and bimodal functions are very dif-
ficult to treat, essentially because they prescribe two distinct values
of the shape parameter m. They present a very complicated rescal-
ing to take into account effects of size and state of stress, and they
are not defined on the basis of an underlying micromechanically

motivated model. Although their use has been proposed by some
authors, as it is they just seem an easy way to interpolate any graph
whose tails present two distinct asymptotic trends.

A further attempt has been made to use a form of extended
Weibull statistics, which has been proposed (Marshall and Olkin
1997) to interpret a bimodal behavior. The major advantage of this,
with respect to the others, is that it has only one shape parameter m.
This simplifies the calculations, but implies as well that the tails of
the distribution in the Weibull plane tend to present the same slope,
a finding that can be weakly appreciated in the glass data. The cor-
responding p-value confirms that the result are not satisfactory, not
even for the air-side surface.

It is the authors’ opinion that the statistical treatment of the ex-
perimental evidence is in favor of the conjecture that there is a
lower bound for glass strength. This possibility has been attributed
to the presence of strict controls in the float glass production pro-
cess. These must guarantee the quality of the material and, implic-
itly, assure on a statistical basis that there are no flaws above a
certain dimension. Elementary considerations of LEFM confirm
that the lower bound of glass strength deduced from experiments
is compatible with the maximum size of flaws that have been de-
tected, in agreement with the prescriptions of product standards for
float glass.

Since the assumed limit value for glass strength is associated
with the opening of the largest cracks that can be found in glass,
such a value should be rescaled to take into account modification of
their shape and size. In particular, the well-known phenomenon of
subcritical crack propagation (static fatigue) implies that the limit
strength depends upon the loading time. Moreover, this paper also
discussed how natural abrasion/erosion can increase the stress in-
tensity factor of existing flaws under particular conditions, but
never above a certain threshold, if not producing a shielding effect.

None of the considered generalized Weibull statistics provides a
remarkable goodness-of-fit for the tin side of the glass. This can be
attributed to the fact that the tin side represents an example of a
damaged surface, whose degradation with respect to the air side
(the pristine surface) is due to the contact with the tin bath, and
even more so with the supporting rollers during the float production
process. In order to achieve a better representation of the tin-side
strengths, a more elaborated statistics taking into account the
effects of damage should be used. In fact, it is plausible that the
artificially induced damage does not follow a Weibull-like ap-
proach, but this analysis will be the subject of future work.

In any case, the present study suggests that the left-truncated
Weibull distribution appears to be the one that is able, much better
than the others, to interpolate the experimental results. This statis-
tical model has its direct justification in the factory production con-
trols, which reject those glass with defects above a certain limit.
Moreover, the rescaling due to size and stress effects is much easier
than for the three-parameter Weibull distribution. In addition, the
three-parameter Weibull distribution would indeed contradict a
wealth of literature (Bažant and Pang 2007; Le and Bažant 2011;
Salviato and Bažant 2014), which showed that, without left trun-
cation, the probability of the left tail should follow a power law.

Obviously, all the aforementioned considerations depend upon
statistics, whose results are in general accurate when simple de-
scriptors, like the mean value or the standard deviation, are consid-
ered. The treatment of the extreme values and the characterization
of the tails of the distributions, which indeed are of importance in
structural calculations, is less obvious. Accepting a lower bound
for glass strength represents a major step change, which certainly
requires further verifications, especially at the experimental level,
before being incorporated in structural standards. Do not forget that
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the statistician who confidently tried to cross a river that was 1 m
deep, on average, inevitably drowned.

Appendix. Micromechanically Motivated Model of
Glass Strength

It is widely accepted (Ciccotti 2009) that the brittle response of float
glass is due to surface microcracks, which unboundedly propagate
in Mode I once the positive crack opening stress reaches the critical
value. Therefore, most models in LEFM consider the response of
an equivalent dominant crack, whose plane is at right angle to the
glass surface and randomly oriented. Crack growth is governed by
the SIF in Mode I

KI ¼ σgY
ffiffiffiffiffiffi
πc

p ð55Þ

where c = minor axis of the crack, supposed to be semielliptical;
σg = tensile macroscopic normal component of stress, orthogonal to
the crack plane; and Y = shape factor, which takes into account the
aspect ratio of the ellipse. Instantaneous collapse occurs when
the SIF reaches the critical threshold KIc, which for float glass
is of the order of KIc ¼ 0.75 MPam0.5 (Wiederhorn 1969).

However, glass experiences a very subtle phenomenon usually
referred to as static fatigue or subcritical crack growth (Wiederhorn
and Bolz 1970), according to which surface microflaws can slowly
grow over time even when their size is far below the critical size. In
the intermediate asymptotic regime of propagation, the crack shape
tends to become semicircular, so that in Eq. (55) it is usually as-
sumed that c is the radius of the crack and Y ¼ 2.24=π. The speed
of subcritical crack growth is traditionally considered a function of
the SIF, governed by a power law (Evans 1978) of the type

dc
dt

¼ ν0

�
KI

KIC

�
n

ð56Þ

where ν0 and n depend upon the thermo-hygrometric conditions
and the type of glass (Wiederhorn et al. 1982). For float glass,
it is customary to assume ν0 ¼ 0.0025 m=s and n ¼ 16, to remain
on the safe side. More precisely, subcritical propagation occurs
when the SIF is above a lower bound KI0, but since this is usually
quite low, one can safely assume KI0 ¼ 0 and consider Eq. (56) to
be valid when 0 ≤ KI ≤ KIC.

Denoting with σ⊥ the component of stress normal to the crack
plane, when failure occurs at σ⊥ ¼ fc, the corresponding critical
crack size is cc ¼ ½KIC=Yfc

ffiffiffi
π

p �2. In a generic load history
σ⊥ ¼ σðtÞ, using Eqs. (55) and (56), one can write

Z
cc

ci

c−n=2dc ¼
Z

tf

0

ν0

�
σðtÞY ffiffiffi

π
p

KIc

�
n

dt ð57Þ

where tf represents the failure time, when the measured value of fc
is ftest and, correspondingly, c ¼ cc, whereas ci is the initial size of
the dominant crack, which represents an effective measure of the
initial defectiveness. Since tests are as a rule performed at constant
stress rate σ̇, then σðtÞ ¼ σ̇ and tf ¼ ftest=σ̇. Then, Eq. (57) can be
easily integrated to give

ci ¼
�
n − 2

2

ν0
nþ 1

�
Y

ffiffiffi
π

p
KIc

�
n fnþ1

test

σ̇
þ
�
Yftest

ffiffiffi
π

p
KIc

�
n−2�2=ðn−2Þ

ð58Þ

Consideration of the order of magnitudes of the various quan-
tities indicates that the second term in this expression is much
smaller than the first one. Observe, in passing, that within this

approximation, if all specimens had the same initial defect ci, then
fnþ1
test =σ̇ ¼ R would be a constant, whatever the stress rate σ̇ used in

the test. This observation is at the basis of the experimental method
proposed by ASTM C1368 (ASTM 2001) to experimentally mea-
sure the value of n, consisting in performing tests at different
stress rates.

For design purposes, actions are modeled by constant
loads acting on the elements for an effective time, representative
of their cumulative effect during their lifetime. If failure occurs
after the time τ under the constant stress σ⊥ ¼ στ , by integrat-
ing Eq. (57) with σðtÞ ¼ στ and tf ¼ τ , one obtains (Badalassi
et al. 2014)

σn
τ τ ¼ 2=ðn − 2Þcð2−nÞ=2i

ν0

Y

ffiffi
π

p
KIc

�
n ¼ 1

nþ 1
R ð59Þ

A practical way to take into account of this phenomenon is to
formally reduce the reference strength of glass according to the co-
efficient kmod. More specifically, if fref is the reference strength
for glass, traditionally measured from tests at constant stress rate
σ̇ref ¼ 2 MPa=s, then the reference strength στ for a stress con-
stantly applied for the time τ is στ ¼ kmodfref , where from
Eq. (59) kmod reads

kmod ¼
στ

fref
¼ 1

fref

�
1

nþ 1

�
1n
�
τ
R

�−1n

¼
�

1

nþ 1

�
1n
ðRÞ1=½nðnþ1Þ�ðσ̇refÞ−1=ðnþ1ÞðτÞ−1n ð60Þ

Using characteristic values for float glass, and in particular
n ¼ 16, one obtains kmod ¼ 0.585ðτÞ−1=16, where t is measured
in seconds.
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