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Brittle-to-Ductile Transition in Uniaxial Compression

of Silicon Pillars at Room Temperature

By Fredrik Ostlund, Karolina Rzepiejewska-Malyska, Klaus Leifer, Lucas
M. Hale, Yuye Tang, Roberto Ballarini, William W. Gerberich, and

Johann Michler*

Robust nanostructures for future devices will depend increasingly on their
reliability. While great strides have been achieved for precisely evaluating
electronic, magnetic, photonic, elasticity and strength properties, the same
levels for fracture resistance have been lacking. Additionally, one of the self-
limiting features of materials by computational design is the knowledge that
the atomistic potential is an appropriate one. A key property in establishing
both of these goals is an experimentally-determined effective surface energy
or the work per unit fracture area. The difficulty with this property, which
depends on extended defects such as dislocations, is measuring it accurately
at the sub-micrometer scale. In this Full Paper the discovery of an interesting
size effect in compression tests on silicon pillars with sub-micrometer
diameters is presented: in uniaxial compression tests, pillars having a
diameter exceeding a critical value develop cracks, whereas smaller pillars
show ductility comparable to that of metals. The critical diameter is between
310 and 400 nm. To explain this transition a model based on dislocation
shielding is proposed. For the first time, a quantitative method for evaluating
the fracture toughness of such nanostructures is developed. This leads to the
ability to propose plausible mechanisms for dislocation-mediated fracture
behavior in such small volumes.

1. Introduction

The unprecedented growth in processing
novel advanced materials has produced a
commensurate need for measuring their
properties. Clearly, any number of break-
throughs in measuring electronic, optical,
magnetic, and mechanical properties of
novel structures which depend upon chem-
istry and point defect distributions have
occurred."® For example, modeling of
optical responses can be assisted by 3D
finite element models* and the effect of
ultra-high pressures on hardness have been
examined by diamond-anvil and quantum
chemical simulations.!” There have been
fewer recent advances in measuring prop-
erty data, but of note are those involving
nanoforce-sensor developments at the
atomic scale”’ and the plasticity of nano-
wires in tension.®! Applications of first-
principle, density-functional or multi-scale
modeling methods have been applied to
plasticity properties but with limited suc-
cess due to the difficulties associated with
extended defects.

For that reason, among others, one of the holy grails of the
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materials science and ceramics communities has remained
elusive. A half century ago, researchers at U.C. Berkeley predicted
the era of advanced ceramic materials, meaning ductile ceramics,
was on the verge of realization.!”'” This was mostly based upon
directimaging of dislocation structures in ceramic crystals such as
MgO and the alkali halides associated with their plastic
deformation at room temperature. However, bulk plasticity was
never realized due to the inherent defect distributions in large
volume ceramic structures. Modest improvements were achieved
utilizing metastable structures such as partially stabilized
zirconia.'"'? Significant, ductile ceramics, however, require
dislocation plasticity at room temperature.

There have been a number of recent nanoindentation-type or
microelectromechanical systems studies of such plasticity in films,
nanopillars, and nanowires.'*~** Nevertheless, there have been
fewer studies dealing with the fracture properties of relatively
brittle, stand-alone, small volumes. While there have been a few
semi-quantitative studies of nanospheres,uﬁ] nanowires,!'”! and
nanopillars,*® there has been no coupled, property measurements
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backed up by quantitative analysis of a scale dependent brittle-
ductile transition in ceramics or semi-conductors except perhaps
one. In the present paper, it is proposed that the brittle-ductile
transition is scale dependent, can be dropped hundreds of degrees
centigrade and can be quantified in nanovolumes. Using single
crystal silicon as a prototypical brittle material with a brittle-to-
ductile transition temperature (BDT) of 550 °C in bulk form,*"
nanopillars as the small volume structures and finite element
modeling of the experimentally developed cracks by in situ
nanoindentation, the promise of ductile ceramics is explored.

2. Brittle-to-Ductile Transistion

In this study pillars with diameters ranging from 230-940 nm were
prepared by a focused ion beam (FIB) technique. These were
evaluated in compression using two instruments as described in
the experimental section. Figure 1 shows the stress at which the
pillars start deforming in a predominantly non-elastic manner as a
function of the pillar diameter. For pillars deforming plastically
this is the yield stress and for pillars cracking, it is the fracture
strength. The results from the in situ compression experiments
are in agreement with the results from the ex situ experiments,
despite the fact that the former tended to bend. The average yield
stress for the pillars that deformed plastically was 5.3 GPa with a
standard deviation of 1.2 GPa. The brittle-to-ductile transition
occurs between 310 and 400 nm. Under high hydrostatic pressures
silicon can deform through phase transformation. The lowest
pressure phase is called 8-Sn and occurs at pressures above
11 GPa." Itis unlikely that the pressure at the middle of the pillars
reaches this level since the yield stress is about a factor of two lower
than this. Therefore the deformation has been mediated by
dislocations.

There is a caution that should be noted considering a previous
study of FIB-machined molybdenume-alloy single crystals.*" In
that study it was found that the gallium beam degraded the yield
strength of the pillars from about 9.2 GPa to about 0.9 GPa. Given
thatthe average yield strength for Sihere was 5.3 GPaand using the
commonly used ratio of 3 for converting to hardness, this gives
15.9 GPa. As this is slightly greater than the reported 14.2 GPa for
nanohardness of silicon free of FIB machining,*? it appeared that
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Figure 1. The critical engineering stress at which the pillars of varying
diameters deviated from elastic behavior. The pillars that showed cracking
are encircled; all the other pillars deformed purely plastic. The deformation
behavior was determined by scanning electron microscopy and the engin-
eering stress was calculated by taking the diameter at half the height of the
pillar. The triangles correspond to experiments with an MTS and the
diamonds correspond to experiments in situ.
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the FIB machining had little effect on silicon. Additionally, the
average yield strength normalized on modulus for silicon gives a
nearly identical value of 0.032 versus 0.029 for the molybdenum
alloy of the FIB study®®"! which was not subject to FIB milling
(9.2GPa / 320 GPa). This is probably due to the relatively small
influence of low melting point liquid or solid metal films on
covalent or ionic bonded solids compared to metals and their
alloys. Still one should be aware of potential surface damage which
may affect the frequency of dislocation nucleation sites after
yielding commences. As most of the crack front is in the interior,
this should not greatly affect the fracture result since the yield
strength does not seem to be compromised.

Over the size range of 1 pm down to 200nm the columns
transitioned from predominantly brittle to ductile behavior at
room temperature. This relatively sharp transition in scale in the
310 to 400 nm regime is reminiscent of the extremely sharp BDT
found originally by St. John at 550 °C in bulk silicon.”” It is
astounding how much that transition temperature changes as the
nanometer scale is approached. At slightly above room tempera-
ture, Nakao!'® had demonstrated in 4 um thick pre-cracked
samples under tension, amodest fracture toughness increase from
1.4t0 2.4 MPam'/?. Here, at an order of magnitude smaller length
scale near 400nm, the BDT at room temperature is uniquely
featured by cracking versus no cracking at all. This is illustrated by
the example columns in Figure 2 and 3 with the largest column
having a crack length of 1120 nm in 2¢, the medium size having a
cracklength of 250 nmin 3a and the smallesthaving no crackin 3b.

The results presented in this communication are not the first of
compression tests on silicon pillars. A similar study was done by
Moser, et al.,'® but in this case the diameters of the pillars were
800 nm and larger. As aresult, the transition from brittle to ductile
behavior was not observed.!"®! In addition three-point bending
experiments on silicon beams with a thickness down to 255 nm!*”}
and two-point bending experiments on grown silicon nanowires
with diameters between 200 and 300 nm!**! have shown no traces
of plasticity. Bending experiments, however, differ from compres-
sion experiments in the aspect that in bending a part of the sample
is subjected to tensile stresses. In another study indentation
experiments were performed on silicon ridges with submicro-
meter widths.** In this case deformation by dislocations, in
contrast to phase transformation, was observed. This was
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Figure 2. A compressed silicon pillar with 940 nm diameter at half the
height of the pillar. The compression speed was 5 nm/s. (a) shows the load
displacement curve for the compression. (b) shows the pillar before
compression at a 55° angle. The tapering angle is 5° and the height of
the pillar is 2.2 wm. (c) shows the pillar after compression at a 45° tilt in a
high resolution SEM.
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Figure 3. (a) and (b) shows HR-SEM images of two compressed silicon
pillars at 45° tilt. The diameter of the pillars were 400 and 310nm
respectively. (a) was compressed with the MTS and (b) with the in situ
setup. (c) shows load curves for the compression tests.

attributed to high shear stresses at the surface of the ridge allowing
for dislocation nucleation at the surface. This allows the stress to be
relaxed before the phase transformation occurs.

A study similar to the current one had previously been
performed on gallium arsenide pillars.?*! In that study, pillars of
1pm diameter were deformed plastically through uniaxial
compression. Gallium arsenide is, like silicon, normally brittle
and has a zinc-blende crystal structure, which is very similar to the
diamond structure of silicon. The yield stress was 1.8 GPa, which is
considerably lower than for silicon. The study on gallium arsenide
was lacking tests on larger pillars; therefore the critical diameter
was not pinpointed. Nonetheless, it showed that the critical
diameter for gallium arsenide exceeds that of silicon by at least a
factor of two.

In order to understand why smaller silicon pillars deform
plastically itis important to understand how dislocations behave in
silicon. Dislocations nucleate on the surface of the pillar and they
move through the pillar on {111} planes. For a sample to be ductile,
dislocations have to be generated at a sufficient rate and they
have to be sufficiently mobile otherwise the pillar cannot
accommodate the imposed deformation plastically and will fail
through brittle fracture. Dislocations in silicon are generally
dissociated into two partial dislocations that are separated by a
stacking fault.**! The dissociation distance depends on the applied
stress and the mobilities of the two partial dislocations. If the width
of a {111} plane crossing the pillar is smaller than the dissociation
distance of the partials a single partial can nucleate on the side of
the pillar and traverse the whole pillar without nucleating a trailing
partial. This allows the pillar to deform solely through the
nucleation and migration of single partials. If on the other hand,
the width of the {111} plane exceeds the dissociation width of the
partials the trailing partial has to nucleate. The mobilities of the two
partials differ from each other.*® The deformation rate for smaller
pillars is limited by the mobility of the partial dislocation with the
lowest activation energy since this will be the only occurring
partial. For larger pillars the rate is limited by the mobility of the
slower trailing partial. We propose that this is one possible
mechanism for the observed brittle-to-ductile transition.

A second possibility is that dislocations in the shuffle set may be
nucleated at very high stress in these small volumes. According to
Pizzagalli, et al.,*”) the core configuration belonging to the shuffle
set planes is favored for dislocation plasticity at low temperatures.
For the shuffle set with widely spaced atoms, the bond breakage
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occurs on the {111} plane with atoms of the same index as opposed
to the glide set for the same {111}. Here, breaks between much
closer atoms of different indices break. These are favored at higher
temperatures with partial dislocations. This shuffle set has been
proposed to be the dominant plasticity mechanism at low
temperatures based upon experimental work?®2%! and atomistic
simulations.””) Based upon a molecular dynamics study of
unstable stacking faults in silicon, de Koning, et al.”” had earlier
suggested that the transition from the glide set to the shuffle set
might be related to the brittle to ductile transition. They also
demonstrated a strong pressure dependence and a large spread in
the unstable stacking free energies, y,,;. The shuffle set had much
lower energies and the spread between the two increased at lower
temperatures.

From Sun and Beltz,®Y the effective stress intensity for
dislocation nucleation under shear is given by

Kr =NV Vusp(97 ¢) (1)

where p(0,¢) for a specific crystal orientation is an inverse
function of a given compliance matrix, Aggs. With 7~ unity,?"
one finds with the theoretical y,; that the values of K, are
somewhat smaller than the Griffith fracture value for the shuffle
set dislocations. Similarly, along with the unstable stacking fault
energy results determined by finite temperature dynamics
modeling of silicon,*” one also finds a stress intensity value
for dislocation nucleation to be about 30 percent smaller under
zero pressure at room temperature in the shuffle set compared to
the glide set. Altogether, this might explain why the undissociated
dislocations that were observed after a Vickers indentation at 77 K
were of the shuffle set rather than the dissociated dislocations of
the glide set.?? It is proposed that one of these two mechanisms
controls near room temperature in these small volumes.

To quantify the magnitude and character of the brittle-to-ductile
transition, an elastic finite element analysis solution of a right
cylinder column with a crack vertically aligned on a {110} plane was
conducted. As described in the experimental/theoretical methods
section, an isotropic elasticity solution was conducted to allow
this method to be used for general crystalline materials, single
crystal or polycrystalline, realizing that some deviations would
result for highly anisotropic systems. For the two pillars exhibiting
cracks in Figures 2c and 3a, simulations were conducted of the
arrest stress intensity factor which is taken here as Kj, the fracture
toughness. The K;c value along the crack profile was shown to
be nearly constant for these two cases considering the crack front
reached a circular arc with the best-fit position from the surface to
the interior. Finite element simulations were carried out using
ABAQUS with finite deformation.**! Due to symmetry, a quarter
of the pillar is built for both small and large specimens with
diameter 400 nm and 940 nm, length (/) 800 nm and 2200 nm and
tapering angle (6) 5°. See Figure 4 with further explanation in the
following section.

A summary of the findings in Figure 5 demonstrates that by
reducing the pillar diameter by more than a factor of two that the
K;c more than doubles representing a work per unit fracture area
or strain energy release rate (G;c) increase of a factor of five since
Gic o< KIZC. As thoroughly discussed in the methods section, this is
a plastic energy dissipation mediated process and with the large
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FUNCTIONAL
MATERIALS
8 deform plastically in a uniaxial configuration at room temperature
—0— small silicon pillar provided that the sample dimensions do not exceed a critical size.
7r —4— large silicon pillar Sizes smaller than critical, on the order of 300 nm, experience a
rapid rise in the fracture toughness.
6 ¢, curved crack front
:E 5L
o 3. Experimental
= 4r
X This experimental/simulation/analytical section shows the detailed methods
- used in the experiments, the finite element solution for the fracture
3 [ 5—0—0—0—0=0—0—0—0—0—0—0—0—0—0—0—0—0—0—{ toughness calculations and the proposed mechanism for dislocation
- mediated toughness improvements. The micropillars were manufactured
2k on a boron-doped silicon wafer (p=1-10{cm) by focused ion beam
I » machining using a Lyra/XMU Dual beam from Tescan. The diameter was
1 ‘_‘_‘_‘ I—4—4—4—4I—1—1—4—1I—4—4—4—41—1—q-4—4 varied from 230 nm to 940 nm and the height was close to four times the
0.0 0.2 0.4 06 0.8 1.0 diameter for all the pillars. The orientation of the wafer, and therefore also

Normalized position along curved crack front

Figure 4. Finite element results of stress intensity factors along the
arrested crack fronts shown for the silicon pillars of Figures 2c and 3a.

scale plasticity for the 300 nm versus the 400 nm (20 percent plastic
strain versus 1 percent), the fracture toughness is proposed to be
very large.

Returning to the question of dislocation mediated plasticity,
there are two possible modes for movement of dislocations in
silicon. They can move on either the widely separated shuffle sets
or on the closer glide sets.””! The actual mode of deformation is a
debated topic that has not yet been fully resolved. At lower
temperatures higher stresses can be reached before deformation
occurs and this promotes the formation of shuffle dislocations.
However, shuffle dislocations cannot dissociate into partial
dislocations. This means that in order for either of the models
described above to be correct, the dislocations have to be in the
glide or shuffle set. To confirm this, a thorough transmission
electron microscopy investigation is needed.

In summary, the nanoscopic compression experiments
presented in this paper show, for the first time, that silicon can
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Figure 5. Schematic of columns tested in Figures 2 and 3 with column and
crack dimensions along with calculated fracture toughness values using
FEM.
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the symmetry axis of the pillars, was (100). In this configuration slip along
four different {111} planes is equally favored. The energy of the gallium ions
of the focused ion beam was 30kV. Aside from the desired sputtering of a
target, these ions cause damage to the surface. For silicon the main
damage consists of an amorphous layer with a thickness of about 10nm
[34]. Furthermore, a focused ion beam cannot produce perfectly vertical
structures; hence the pillars had a slightly conical shape. The tapering angle
ranged between 2° and 6°.

Pillar Compression: The compression experiments were performed with
two different setups: an MTS XP nanoindenter equipped with a diamond
flat punch tip and a custom built indenter for usage within the chamber of a
Hitachi S-4800 high resolution scanning electron microscope [35]. This in
situ indenter allows the compression tests to be observed in real time in the
scanning electron microscope. This provides valuable information about
the deformation behavior and about the alignment of the tip and pillars.
However, the maximum allowable load of the in situ indenter prohibited
deformation of the larger pillars. Therefore, the ex situ setup was used for
compressing these. Based on the initial deformation behavior the pillars
could be divided into two disjoint sets: pillars deforming purely plastically
and pillars that developed cracks in addition to a plastic deformation.
The pillars with a diameter less than 310 nm belong to the first class and
the pillars with diameters exceeding 400 nm to the second. Figures 2
and 3 show scanning electron microscope images and corresponding load-
displacement curves from one pillar from each class.

Due to the absence of imaging data from the compressions with the
ex situ setup each test was manually stopped as soon as the load-
displacement curve deviated from elastic. A total of 8 successful
compression tests were performed with this setup. Of these, 5 pillars
had diameters exceeding 400 nm. All of these developed a vertical crack in
the central part of the pillars during the compression. An example is shown
in Figure 2. The crack presumably propagated on a {110} plane and it is
interesting to note that it changes direction further down the pillar into
what presumably is a {111} plane, the preferred cleavage plane of silicon.
On the top of the pillar a wedge has been formed, driving the crack by
separating the two halves of the pillar. The three remaining pillars that were
compressed with the ex situ setup had diameters of 260 nm and below. All
of these deformed purely plastically. The deformation was limited to the top
of the pillars. The reason for this is that the diameter of the pillars are
smallest at the top, hence the stress is highest.

Given that all pillars exhibited plastic deformation, it is important to
define what is meant by a brittle-to-ductile transition. The tops of the pillars
are rounded and in contact giving rise to larger local stresses, plastic
deformation and potential nucleation of cracks at the top. Originally,
following the Rice-Thompson paper of 1974 [36], many adhered to the
either/or proposition that a crack would either emit dislocations and cause
blunting or undergo brittle cleavage, particularly in single crystals.
However, many experimental and theoretical studies demonstrated that
cleavage could be accompanied by substantial amounts of dislocation
plasticity [37-40]. As a result, one can view the BDT as a small amount of
plasticity accompanying cleavage at low temperatures changing to larger
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www.afm-journal.de

amounts of plasticity accompanying cleavage or other fracture modes at
higher temperature resulting in an increase in the fracture toughness.
Depending on both dislocation nucleation and kinetics, this can be either a
slowly varying transition [41], or an abrupt one [20] with test temperature. In
the present case, the critical variable for the transition is size scale not
temperature.

Using the in situ setup 11 more pillars with diameters from 290 nm to
310 nm were compressed. These pillars were compressed to larger strains
than the pillars compressed with the ex situ setup. During the compression
tests videos were recorded with the scanning electron microscope. These
revealed that all the pillars, in addition to deforming plastically, were bent
slightly sideways. This behavior is probably a result of imperfect alignment
between the indenter tip and the pillars. The bending results in an uneven
stress distribution, which shows up in the post-deformation images as a
tilted top. This effect was not observed for the pillars compressed in the ex
situ setup suggesting that the pillars were perfectly aligned. As the pillars
were deformed to higher strains they developed slip bands indicating slip
on {111} planes. The amount of deformation the pillars were able to acc-
ommodate was astonishing; in the example of Figure 3b the engineering
strain reached 22 percent. It should be noted that for pillar compression
experiments there is a hydrostatic pressure just under the tip, arising from
the friction between the tip and the pillar, and at the bottom of the pillar
arising from the confining effect of the substrate. A simple finite element
method simulation showed that this pressure does not extend into the
central parts of the pillars. A simulated compression experiment of a silicon
pillar with 500 nm diameter, 2 um height and 2° tapering angle, using a flat,
rigid tip and a friction coefficient of 0.11 [42] showed that in more than
60 percent of the length of the pillar the radial stress is lower than one
percent of the stress in the axial direction when the engineering stress is
5GPa.

Fracture Toughness Analysis: Regarding the fracture toughness mea-
surements, an initial estimate was made from Broeks’ analysis [43] of a
wedge opening displacement of a crack in a plate. This assumed a thru-
crack of length, a, in a beam of thickness, 2R, with a wedge opening of 2b.
The analytical solution, given by

V/3EbR3/2

K="
c 4a2(1 — ?)

(2)

used the modulus, E=160GPa, Poisson’s ratio, v=0.218, and the
sample dimensions of Figure 5 with the diameter, d=2R. For the two
pillars that cracked, the half-wedge openings were measured to be 30 nm
and 15 nm for the larger and smaller diameters, respectively. Using the
beam thickness as the pillar diameter gave calculated Kic values of 0.9 and
3.5MPa m'/? for the large and small pillars. These gave values similar to
those reported in Figure 5 for the numerical analysis. However, due to the
inapplicability of the analytical solution which considered a straight-thru
crack in a rectangular section, as opposed to a curved crack front in a right
cylinder, the following numerical solution was employed.

The crack front is assumed to be an arc with radius ¢ and its center is
located on the axis of the pillar (Figure 4). The crack lengths at the surface
are measured from experimental results, 250nm and 1250 nm for small
and large pillars, respectively. The bottom of the finite element method
model is fixed and the silicon sandwiched between the crack surfaces
(Figure 3) is treated as a wedge with length h and half thickness b, which are
150 nm and 10 nm for the pillar with small diameter (300 nm and 30 nm for
the larger one). The inserted wedge is modeled implicitly: a constant
displacement b is applied at the top region of the crack seam (depth h to
the top of the pillar). During the simulation, the J-integral is calculated, and
then the stress intensity factor, K;, along the crack front is evaluated
through

Kl y) =\ 7))
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For any radius ¢ given initially, K, is a function of the position of the crack
front. However, the fracture toughness should be a constant for the final
crack profile in a homogeneous isotropic material. In order to obtain the
fracture toughness, we iterate ¢ until the standard deviation of the stress
intensity along the crack front reaches the minimum. Hence, the mean
value of K; will approach the fracture toughness. The resulting radius, ¢, of
the curved crack equals 640 nm for the small pillar and 1410 nm for the
large pillar. K; for both pillars are shown in Figure 4, which appear almost
constant after iteration. Therefore, the averaged stress intensity factor, K|,
along the crack front is the fracture toughness, K¢, and is found to be
~1.3MPa m"? and 2.9MPa m'/? for the large and small diameter
specimens respectively. There is one possible limitation to the
experimental procedure due to the lack of flatness at the tops of the
pillars. This caused slightly asymmetrical loading which could initially
increase the Mode Il of any nascent defects due to additional deviatoric
stresses. However, as the deformation proceeded and crack-wedging
commenced, this became fairly symmetrical in Figures 2 and 3. Also, as the
wedging crack is dominated by Mode | cracking, the considerably smaller
contributions from Mode Il are not considered to be a major influence in
the crack arrest condition calculated.

Given the proposed dislocation-mediated toughness increase, it is
important to consider in detail how a relatively small number of
dislocations in brittle materials of small dimension might achieve this.
A recent collection of fracture toughness data for intermetallics,
semiconductors, oxides, nitrides, carbides, and silicides demonstrated
that a crack extension force concept could be used to predict fracture
toughness [44]. The balancing force at crack arrest was interpreted in terms
of shielding dislocations and the force on a dislocation. Except for the
intermetallics, a simple fit based on N = 12 dislocations, could be used to
predict the toughness of 15 brittle materials as evaluated by indentation
into bulk single-crystals or relatively large-grained polycrystals. This was
given by [44]

4 [Nuoysh 172
o

K/c~3

with 10,5 b the product of the shear modulus, yield strength and Burgers
vector. Knowing that the yield strength of the larger column was less than
or equal to 4.8 GPa, one could determine the minimum shielding number,
N, from Eq. (4). Using the toughness of 1.3 MPa m'/? from Figure 5 for
the 940nm diameter column, this was found to be 10 dislocations,
reasonably consistent with bulk behavior. For the 400nm diameter
column, however, with a yield strength of 5.7 GPa and a Kic=2.9 MPa m'/?,
42 shielding dislocations are calculated. This is not so many dislocations
considering that the pillar height would only have to deform inelastically
about 1 percent. The fact that 20 percent plastic strains were achieved at
only slightly smaller diameters attests to the sharp rise of this size-
affected ductility transition. Clearly, there is adequate space in the column
as this would represent an average dislocation spacing of about 13 nm for
the 400 nm diameter pillar and multiple slip planes have been activated in
the smaller pillar of Figure 3b. There are many limitations to this type of
first-order assessment since all interaction forces have not been properly
counted. Using discretized dislocation models for all of the stress
interactions would include the stress due to dislocations interacting with
each other, the stress due to the crack interacting with all dislocations, the
interaction of the external stress and the crack with the external applied
stress. Such calculations are possible [45] to confirm the blocked slip
band model proposed here.
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