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Abstract: Two micromechanical models are used to calculate the statistical distributions of the stress intensity factor of a crack in a
polycrystalline plate containing stiff grains and soft grain boundaries. The first is a finite-element method based Monte Carlo procedure
where the microstructure is represented by a Poisson–Voronoi tessellation. The effective elastic moduli of the uncracked plate and the
stress intensity factor of the cracked plate are calculated for selected values of the parameters that quantify the level of elastic mismatch
between the grains and grain boundaries. It is shown that the stress intensity factor is independent of the expected number of grains, and
that it can be estimated using an analytical model involving a long crack whose tip is contained within a circular inhomogeneity
surrounded by an infinitely extended homogenized material. The stress intensity factor distributions of this auxiliary problem, obtained
using the method of continuously distributed dislocations, are in excellent agreement with those corresponding to the polycrystalline
microstructure, and are very sensitive to the position within the inhomogeneity of the crack tip. These results suggest that fracture
toughness experiments on polycrystalline plates can be considered experiments on the single grain containing the crack tip, and in turn
reflect the a /w effects typical of finite-geometry specimens.
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Introduction

This paper is concerned with the effects of grain boundary soft-
ening on the stress intensity factors of a crack in a plate com-
prised of columnar grains assumed to be in a state of plane
deformation. The study is motivated by the results and analyses
reported by Dempsey et al. �1999�, who performed in situ fracture
toughness experiments on specimens of warm lake ice whose
in-plane linear dimension, L, was in the range 0.34�L�28 m
�Fig. 1�a��. The average grain diameter of these specimens was
d=15 cm, so that the number of grains per length was 2�L /d
�200. Their data, reproduced in Fig. 1�b�, indicate the possi-
bility of a size-dependent fracture toughness �defined by the qua-
sibrittle fracture community as the fracture energy “size-effect”�.
Dempsey et al. rationalized the size effect by the presence of
nonlocal inelastic deformation mechanisms that could arise at
temperatures, T�−4°C, that are “very, very close” to the melting
temperature. It should be noted that a significant time period
elapsed between preparation and testing of the specimen corre-
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sponding to the largest size, and for this specimen a large thermal
crack was discovered a few meters ahead of the crack, oriented
perpendicular to the main crack path.

While ice grains retain their stiffness at temperatures close to
melting, grain boundaries become soft �Barnes et al., 1971;
Gandhi and Ashby 1979� and may significantly affect the speci-
men stiffness. As shown in this paper, the elastic mismatch be-
tween the grains and the grain boundaries also results in a strong
dependence of the stress intensity factor on the crack-tip location.
In situations when the process zone is much smaller than the grain
size, which is common to ice, the apparent fracture toughness is
expected to be strongly influenced by microstructural features in
the vicinity of the crack tip. In particular, consider a crack tip in
an ice plate, whose tip is located at some point within a grain. If
the grain boundaries are much more compliant than the grains,
then the plate response becomes heterogeneous. In this context, it
is meaningful to consider the grain containing the crack tip as the
fracture specimen, while the remaining grains should be consid-
ered as part of the loading device. As a result, the crack-tip stress
intensity factor will experience either shielding or antishielding,
depending on its position within the grain. The situation can be
explained in terms of the classical a /w effect associated with a
crack in a finite size specimen, whose stress intensity factor is
given in the form, KI=���aF�a /w�. The soft grain boundaries,
in effect, require us to define a and w with respect to the grain
containing the crack tip, rather than the entire specimen. This
microscopic definition of a and w results in statistical effects on
the apparent fracture toughness, based on their corresponding
macroscopic values and the overall elastic constants. This paper is
concerned with quantifying this effect.

The stress intensity factor of a crack in a polycrystalline plate
with soft grain boundaries, KI

loc, �Fig. 2�a�� differs significantly
from the apparent stress intensity factor, KI

ref, of a crack in a plate

with effective elastic constants equal to those of the homogenized
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polycrystalline plate �Fig. 2�b��. The fracture toughness reported
in Fig. 1�b� represents the critical value of KI

ref at crack initiation,
KIc

ref, which implicitly reflects the condition that KI
loc is equal to

the fracture toughness of the material in the immediate vicinity of
the crack tip, KIc

loc. Therefore, the question arises of whether the
data is in fact size dependent, or if its large variation merely
reflects the statistical distribution of KI

loc produced by grain
boundary-induced crack-tip shielding/antishielding. The plausibil-
ity of this second explanation is supported by the very large
differences in the effective elastic moduli, Eeff, �Table 1� that
Dempsey inferred by relating the applied load to measurements of
crack opening displacements at two points �labeled COD and
CMOD in Fig. 1�a��.

Adopting, as a possible explanation of the data, the size inde-
pendent fracture view, we propose that a polycrystalline fracture
mechanics specimen can be regarded as a single-grain specimen
loaded through a metal–ice composite testing machine �Fig. 3�.
The metal part is the conventional loading machine, and the ice
part is what remains of the specimen upon removal of the grain
containing the crack tip. In other words, the specimen’s apparent
fracture toughness, KIc

ref, does not represent the fracture toughness
of the ice grain, KIc

loc. The correlation between KIc
loc and KIc

ref

requires micromechanical models that capture the effects of ini-
tial crack-tip position, such as the ones presented here. They

Fig. 1. �a� Warm lake ice specimen indicating crack length, A,
in-plane linear dimension, L, and points of crack opening
displacement measurements; �b� apparent fracture toughness-
specimen size data
enable correlation between apparent fracture toughness and grain
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fracture toughness, and in turn prediction of critical fracture
loads.

In the next section, a micromechanical model is presented for
calculating the effective elastic moduli of polycrystalline plates
containing grain boundaries. These serve as the reference elastic
constants for the finite-element method based stress intensity fac-

Fig. 2. �a� Crack in polycrystalline plate containing grain boundaries;
�b� crack in elastically homogeneous plate
tor analysis of a cracked polycrystalline plate and for the analyti-
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cal model of a simplified configuration, presented in the following
section. The models are applied to the analysis of warm lake ice
apparent fracture toughness data in the last section.

Effective Elastic Moduli

The effective elastic moduli of the polycrystalline plate were
determined using a finite-element method based Monte Carlo
procedure that simulates loading of the two-dimensional micro-
mechanical model shown in Fig. 4, whose boundaries are defined
by x=0, x=1, y=0, y=1. This unit area was obtained by cutting
the middle of a square area double its size constructed using a
method based on Poisson–Voronoi tessellation �Voronoi 1908;
Mullen et al., 1997�, that is summarized as follows: �1� the ex-
pected number of grains per unit area, n, is specified �the ex-
pected number of grains in the enlarged area is 2n�; �2� for each
of m Monte Carlo realizations, a Poisson variate ni is generated
from the Poisson distribution, with expected value 2n; �3� a
Poisson–Voronoi tessellation containing ni grains is constructed
by first generating ni randomly distributed nuclei within the
doubled area, rj, j=1,ni. All the points that are closer to rj than to
any other nuclei are defined to comprise the jth of ni Voronoi
cells, whose average linear dimension is d; �4� Interphases of
thickness � are introduced by subtracting a distance of � /2 from

Table 1. Effective Elastic Modulus of Warm Lake Ice Inferred from
Crack Opening Displacement Measurements

Test
number

Size
�m�

ECOD

�GPa�
ECMOD

�GPa�

1 0.34 — —

2 0.41 — 5.7

3 1.04 2.8 —

4 1.41 3.5 4.3

5 3.18 — 2.9

6 3.20 3.6 8.0

7 4.42 5.7 7.6

8 10.36 7.7 3.2

9 28.64 10.0 —

Fig. 3. Metal–ice composite testing machine
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Fig. 4. Micromechanical model for effective elastic constants
Fig. 5. Scatter of effective Young’s modulus, Eeff /Eg, and effective
Poisson’s ratio, �i, with respect to number of grains in unit area, n
��g=0.49, �gb=0.499, Kgb/Kg=1.0, �gb/�g=0.1�
 ASCE license or copyright; see http://pubs.asce.org/copyright/



the edges of each cell, i.e., each edge is moved inward along its
normal direction; �5� a unit square is cut at the center of this
original tessellation; and �6� the grains and grain boundaries are
discretized into a number of quadratic displacement triangular
finite elements with reasonable element aspect ratios.

The Young’s modulus and Poisson’s ratio of the grains �grain
boundaries� are denoted by Eg, �g �Egb ,�gb�. In terms of the dis-
placement applied along the upper boundary, �, the boundary
conditions are: y=1, uy =�; x=0 and x=1, ux=�xy =0; y=0,
uy =�xy =0. For each of m=500 simulations, the boundary forces
are calculated using the finite-element method, and the average
stresses and strains in the homogenized plate are written as

	xx
i = 0, 	xy

i = 0, 	yy
i = �/1 �1a�

�xx
i = Fx

i /t, �xy
i = 0, �yy

i = Fy
i /t �1b�

where t=thickness of the plate, superscript “i” = ith Monte Carlo
simulation, and Fx, Fy =reaction forces at boundaries �Fig. 4�. The
Young’s modulus and Poisson’s ratio are obtained by invoking
Hooke’s law for the homogenized plate

��xx
i = Fx

i /t

�yy
i = Fy

i /t

�xy
i = 0

� =
Ei

�1 + �i��1 − 2�i��1 − �i �i

�i 1 − �i

1
2 �1 − 2�i�

�

� 	xx

i = 0

	yy
i = �

2	xy
i = 0

� �2�

which provides

�i =
1

1 + Fy
i /Fx

i , Ei =
�1 + �i��1 − 2�i�

�i

Fx
i

t�
�3�

The effective elastic moduli of the polycrystalline plate are
defined as the average over m simulations of the moduli given by
Eq. �3�

i i

Fig. 6. Normalized Young’s modulus, Eg /Eeff, as function of elastic
mismatch, Eg /Egb �for �g=�gb=0.3�
Eeff = �E 	, �eff = �� 	 �4�
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The first illustrative example of the significant effects of elas-
tic mismatch on effective moduli involves the parameters
�g=0.49, �gb=0.499, Kgb/Kg=1.0, �gb/�g=0.1, where K=bulk
modulus; and �=shear modulus. This case corresponds to nearly
incompressible grains and grain boundaries. The thickness of the
grain boundary is set equal to 8% of the average linear dimension
of the grains. Fig. 5 presents, for different values of the expected
number of grains, n, the scatter of the Poisson’s ratio and of the
Young’s modulus normalized with respect to the modulus of the
grain. For all n, the effective moduli are Eeff /Eg
0.64 and
�eff
0.49.

Selected values of Eg /Eeff can be achieved by adjusting either
the elastic moduli and/or the thickness of the grain boundaries.
Fig. 6 shows the variations of Eg /Eeff for a wide range of Eg /Egb

�note the log-log scale�, vg=�gb=0.3, and three values of normal-
ized interphase thickness, � /d
0.04, 0.08, and 0.16. It is ob-
served that for Eg /Egb�1 the curves can be represented by either
of the equations

log
Eg

Eeff
� log

Eg

Egb
+ C��/d�,

Eg

Egb
� 1 �5a�

Eeff � C1��/d�Egb,
Eg

Egb
� 1 �5b�

indicating that the effective modulus is controlled by both the
stiffness and the thickness of the grain boundaries. However, for
modest values of Eg /Egb, the influence of the interphase thickness
is relatively minor, and the effective modulus is controlled by the
modulus of the grain.

The trends of the micromechanical model are consistent with
the asymptotic limits corresponding to spherical grains separated
by more compliant thin ligaments �Batchelor and O’Brien 1977;

Fig. 7. Poisson–Voronoi tessellations of cracked polycrystalline
plate: �a� n=50; �b� n=100; �c� n=250; and �d� n=500
Phan-Thien and Karihaloo 1982�. These involve the dimension-
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less variables c1=� /d, c2=Egb/Eg, C=c2
−2c1, that were used by

Rodin �2001� to develop an approximate analytical model of
strength scaling in polycrystalline plates. For C�1 the grains are
practically rigid, and are separated by grain boundaries whose
thickness and stiffness dictates the effective moduli. In contrast,
for C�1, the overall stiffness is controlled by the grains and is
relatively insensitive to grain boundary thickness. According to
Rodin, the following equations apply for these two limiting cases

Eeff � Egb log�d

�
, C � 1 �6a�

Eeff � Egb log � Eg

Egb
2

, C � 1 �6b�

Stress Intensity Factor Analyses

The crack-tip shielding/antishielding produced by the elastic mis-
match between the grains and the grain boundaries is studied
using the finite-geometry configuration shown in Fig. 2�a�, where
one edge of a cracked polycrystalline plate is subjected to a uni-
form displacement. Note that, strictly speaking, the crack in the
polycrystalline plate is subjected to mixed mode loading; the ap-
parent stress intensity factor, KI

ref, produces local stress intensity
factors, KI

loc, KII
loc. However, because the calculated results indi-

cate that the Mode-II stress intensity factor is negligible, it will
not be listed in subsequent figures and tables.

The effects of grain-grain boundary elastic mismatch, number

Fig. 8. Fraction of occurrences of normalized mode
of grains per unit area �Fig. 7�, uniform distribution of crack-tip

104 / JOURNAL OF ENGINEERING MECHANICS © ASCE / JANUARY 2008

Downloaded 06 Nov 2008 to 128.101.119.33. Redistribution subject to
position within the single grain specimen, and random arrange-
ment of the grains, are evaluated by performing m=100–500
Monte Carlo realizations. Fig. 8 shows the distributions of the
normalized local stress intensity factor, KI

loc /KI
ref, which were cal-

culated using singular elements �Barsoum 1977�, for �g=0.49,
�gb=0.499, Kgb/Kg=1.0, �gb/�g=0.1 �Eg /Eeff
1.55, �eff
0.49�.
It is observed that KI

loc /KI
ref, whose average value is 1.2, is inde-

pendent of the number of grains per unit area. The independence
of the local stress intensity factor on the number of grains is
maintained for larger ratios of elastic mismatch, as shown in
Fig. 9 for the parameters Eg /Eeff
6.06, �eff
0.41 ��g=0.2,
�gb=0.49, Kgb/Kg=0.15, �gb/�g=0.004, and � /d=0.08�.

The expected values, Kavg, and standard deviation, Ksd, of
KI

loc /KI
ref are listed in Table 2 together with those corresponding to

the analytical model described next, for selected values of the
parameters that quantify elastic mismatch. Remarkably, the
shielding/antishielding of the crack tip that results from its ran-
dom position is dominated by the ratio of elastic modulus of the
single grain specimen to the effective elastic modulus of the sur-
rounding ice machine. The lack of dependence on the number of
grains suggests that KI

loc /KI
ref could be approximated using the

analytical micromechanical model shown in Fig. 10 �Wang and
Ballarini 2003�, as long as the shear modulus and Poisson’s ratio
of the 2a-diameter circular inhomogeneity,�2, �2, are set equal to
those of the single grain specimen ��g, �g�, and the moduli of the
surrounding material, �1, �1, are set equal to the previously cal-
culated effective moduli of the uncracked polycrystalline plate
��eff, �eff�. With the crack tip positioned at point �w ,0�, and the

l stress intensity factors �Eg /Eeff
1.55,�eff
0.49�
-I loca
plate loaded with a far field stress intensity factor set equal to the
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Table 2. Normalized Local Stress Intensity Factor �� /d=0.08�

Eg /Eeff �g �eff n m Kavg Ksd

1.55 0.49 0.49 approximate — 1.24 0.06

35 500 1.22 0.18

50 500 1.21 0.17

100 500 1.21 0.16

500 500 1.23 0.17

1.47 0.2 0.34 approximate — 1.15 0.03

35 447 1.13 0.13

100 280 1.13 0.11

500 126 1.13 0.11

6.06 0.2 0.41 approximate — 2.20 0.60

9 300 2.01 0.83

35 500 2.02 0.77

100 500 1.96 0.68

500 500 1.95 0.71

2.00 0.3 0.28 approximate — 1.48 0.16

50 500 1.42 0.18

500 500 1.41 0.18

10.53 0.3 0.24 approximate — 3.34 0.97

50 500 3.02 1.00

500 395 2.91 0.97

0.65 0.3 0.31 approximate — 0.77 0.05

50 500 0.73 0.11

500 500 0.73 0.11
Fig. 9. Fraction of occurrences of normalized mode-I local stress intensity factors �Eg /Eeff
6.06,�eff
0.41�
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apparent stress intensity factor KI
=KI

ref, the normalized local
stress intensity factor can be written in the form

KI
loc

KI
 = f�w

a
,�1,�2,

�1

�2
 �7�

where f was calculated using the procedure summarized in the
Appendix.

Fig. 11 shows the variation in the normalized local stress in-
tensity factor as the crack tip traverses the inhomogeneity for the
case Eg /Eeff
3.05, �g=0.3, �eff=0.26. Consistent with the
asymptotic behaviors of cracks approaching and penetrating bio-
material interfaces �Romeo and Ballarini 1995�, the stress inten-
sity factor is close to zero as it enters the inhomogeneity from the
more compliant surrounding material, and continuously increases
to infinity as it reaches the other side. This continuous increase
demonstrates that the initial position of the crack tip determines
the apparent fracture toughness of a polycrystalline plate with soft
grain boundaries.

Table 3. Normalized Local Stress Intensity Factor for Three Values of N

Eg /Eeff �g �eff n

�a�

3.05 0.30 0.26 approximate

4

9

50

�b�

2.94 0.30 0.26 approximate

4

9

50

�c�

3.01 0.30 0.28 approximate

4

9

50

100

500

Fig. 10. Analytical model for local stress intensity factor of cracked
polycrystalline plate
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Application to Warm Lake Ice

The results of the micromechanical analyses can shed light on the
large variation in apparent fracture toughness and effective elastic
modulus data shown in Fig. 1�b� and Table 1.

A review of available ice data �Dempsey et al., 1999; Fletcher
1970�, suggests that reasonable estimates of elastic modulus and
Poisson’s ratio of the grains, and effective Young’s modulus, are
12 GPa, 0.3, and 4 GPa, respectively. The Monte Carlo proce-
dure, in turn, provides Eg /Eeff
3 and �eff=0.26. The ratio of
three between the grains and the effective medium is achieved
for selected values of � /d, by adjusting the elastic constants
of the grain boundaries Egb, �gb. Table 3 presents, for � /d=0.04,
0.08, 0.16 the expected value and standard deviation of normal-

ized Interphase Thickness

m Kavg Ksd Gavg Gsd

.04

— 1.86 0.30 1.13 0.39

300 1.77 0.36 1.07 0.44

300 1.77 0.32 1.06 0.36

300 1.76 0.33 1.06 0.35

.08

— 1.82 0.28 1.20 0.39

300 1.70 0.35 1.08 0.44

300 1.70 0.31 1.07 0.37

300 1.70 0.30 1.06 0.35

.16

— 1.83 0.28 — —

300 1.74 0.32 — —

300 1.73 0.33 — —

300 1.70 0.29 — —

300 1.72 0.29 — —

400 1.72 0.30 — —

Fig. 11. Variation of normalized local stress intensity factor as crack
traverses inhomogeneity calculated using approximate model
�Eg /Eeff
3.05, �g=0.3, �eff=0.26�
ormal

� /d=0

� /d=0

� /d=0
 ASCE license or copyright; see http://pubs.asce.org/copyright/



ized local stress intensity factor predicted by the Monte Carlo
simulation and the analytical model. It is observed that the crack-
tip parameter has a weak dependence on the thickness of the
interphase.

As stated by Dempsey et al. �1999� ice grains are associated
with an insignificant process zone, so that crack initiation within
the grains can be characterized using the critical local stress
intensity factor,KIc

loc. Neglecting the largest specimen datum, the
apparent fracture toughness, KIc

ref, lies within the range
76–193 kPa m1/2, has an average value of 140 kPa m1/2, and has a
−0.58 correlation with specimen size. Fig. 11 provides a possible
explanation for why the lower and upper bounds of the apparent
toughness data differ by a factor of �2.5. If the crack tip was
initially positioned just inside the single grain specimen, the nor-
malized local stress intensity factor is �1. However, if its initial
position was closer to other side, the normalized stress intensity
factor is �2. The possibility that the apparent toughness is size
independent, and merely reflects the variation in local stress in-

Fig. 12. Locations of points where crack opening displacements are
calculated using Monte Carlo model: �a� Points 1–10; �b� Crack tip
Points 1 and 2 �or CTOD1 and CTOD2�
tensity factor, is plausible.

JOURN
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This explanation is underscored by the crack opening displace-
ments calculated using the finite-element method base Monte
Carlo model of the cracked plate. Fig. 12 defines points at which
the crack opening displacements, �i, were calculated. These in-
clude ten points �i=1,10� that are uniformly distributed from the
crack mouth �Point 1� to the crack tip region �Point 10�, and an
additional point very close to the crack tip The displacements are
normalized with respect to Fy /Eeff, where Fy represents the
reaction force along the bottom boundary of the unit square
�Fig. 12�a��.

Table 4 presents the expected values, standard deviation, and
range of the crack opening displacements for n=50. The maxi-
mum and minimum values at any given point along the crack
differ by a factor of �2, a result that may explain the inconsis-
tencies in effective Young’s modulus values obtained from crack
opening displacement measurements at different points along the
crack.

Conclusion

Crack-tip parameters in polycrystalline plates with soft grain
boundaries are strong functions of crack-tip position. The ice-
machine concept presented in this paper suggests that a fracture
mechanics test of a polycrystalline plate provides the fracture
toughness of the crystal that contains the crack tip. The remaining
grains that surround this single crystal specimen form a compliant
�ice� machine that is in series with the actual �metal� loading
machine. Therefore proper interpretation of fracture mechanics
experiments performed on such heterogeneous structures requires
the use of micromechanical models that provide the stiffness of
the ice machine, and correlate the critical value of the local stress
intensity factor controlling crack initiation to the apparent fracture
toughness. The need to calibrate the stiffness of the ice machine
can be avoided by testing the single crystal directly in a metal
machine.
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Appendix

The analytical model described in Fig. 10 was solved using the
method of distributed dislocations and singular intergral equations
�Wang and Ballarini 2003�, summarized next. The zero traction
condition along the crack surfaces is written as

��� + i�r� = 0 w � x �  �8�

The stress combination in Eq. �8� produced at any point x by
discrete dislocations at points t inside and outside the circular
inhomogeneity can be written symbolically as

��� + i�r� =
2B1

x − t
+ B1K11�x,t� + B2K12�x,t� a � x �  �9�

��� + i�r� =
2B2

x − t
+ B2K21�x,t� + B1K22�x,t� w � x � a

�10�

where B1 and B2 are proportional to the magnitude of the dis-
placement discontinuity associated with the dislocations outside
and inside the inhomogeneity, respectively.

By introducing the dislocation densities

bi�t� =
�i

�i��i + 1�
���ux� + i�vy��

�t
=

�i

���i + 1�
��vy�

�t
�11�

the traction boundary condition along the crack surfaces can be
written in the form of the coupled singular integral equations

�
a

 2b1�t�
x − t

dt +�
a



K11�x,t�b1�t�dt +�
w

a

K12�x,t�b2�t�dt = 0 x � a

�
w

a 2b2�t�
x − t

dt +�
w

a

K21�x,t�b2�t�dt +�
a



K22�x,t�b1�t�dt = 0

w � x � a �12�

The kernels are defined as

Kij�x,t� = Kijs�x,t� + Kijf�x,t�, i, j = 1,2

K11s�x,t� = �− 2P1 + �P2 − P1�
a2

x2� 1

�a2/x − t�

+ �− 2P1
a2

x5 �x2 + 2a2�� �x2 − a2�
�a2/x − t�2

+ �− 2P1
a4

x6� �x2 − a2�2

�a2/x − t�3

K11f�x,t� =
�− �2 +

a2

x2P1 +
a2

x2 �M1 − 1��

t
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K12s�x,t� = �2Q1 + �Q1 − Q2�
a2

x2� 1

x − t
+

�Q2 − Q1�
x

�x2 − a2�
�x − t�2

K12f�x,t� = �N1 − N2

x
+

2N3t

x2 +
2N1a2

x3 �
K21s�x,t� = �− 2Q3 + �Q4 − Q3�

a2

x2� 1

�a2/x − t�

+ �− 2Q3
a2

x5 �x2 + 2a2�� �x2 − a2�
�a2/x − t�2

+ �− 2Q3
a4

x6� �x2 − a2�2

�a2/x − t�3

K21f�x,t� =
4N4t

a2 −
Q3 + Q4

x
+

2�N4 + N�t
x2 −

2Q3a2

x3

K22s�x,t� = �2P3 +
a2

x2 �P3 − P4�� 1

x − t
+

P4 − P3

x

�x2 − a2�
�x − t�2

K22f�x,t� =
�2M2 +

a2

x2 �M2 + M − P4��
t

�13�

involving the constants

P1 =
� − �

1 + �
, P2 =

� + �

� − 1
, M1 =

�1 + ���1 − ��
�1 + � − 2���1 − ��

P3 =
1 + �

1 − �
, P4 =

1 + �

1 + �
, M =

1 + �

1 + � − 2�
, M2 = M

� − �

1 − �

Q1 =
1 − �

1 + �
, Q2 =

1 − �

1 − �
,

N1 =
�1 − ���� − ��
�1 + ���1 + ��

, N2 =
�1 − ���� + ��
�1 + ���1 − ��

,

N3 = −
�1 − ���� − ��

�1 − ���1 + � − 2��

Q3 =
�� − ��
�1 − ��

, Q4 =
�� + ��
�1 + ��

, N = −
�� − ��

�1 + � − 2��
,

N4 = Q3 
 N �14�

The first integral in each of Eqs. �12� contains a Cauchy kernel,
while the Kij are combinations of regular kernels Kijf and gener-
alized kernels Kijs, the latter being unbounded as x and t approach
a simultaneously. The integral equations were solved using a
technique that relies on properties of Jacobi polynomials, which
rigorously incorporates the behavior of the dislocation densities at
all singular points. The procedure produces function f defined in
Eq. �7�.
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